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fi* of M.Levine-F. Morel by change of coefficients to any oriented cohomology theory B* . We prove 
that there is 1-to-l correspondence between the set of operations, and the set of transformations: 
A n ((P oc ) xr ) — > B m ((p oo ) x '') satisfying certain simple properties. This provides an effective tool of 
constructing such operations. As an application, we prove that (unstable) additive operations in 

i— 1| Algebraic Cobordism are in 1-to-l correspondence with the L <S>z Q- linear combinations of Landweber- 

Novikov operations which take integral values on the products of projective spaces. On our way we 
obtain that stable operations there are exactly L-linear combinations of Landweber-Novikov opera- 
tions. We also show that multiplicative operations A* — > B* are in 1-to-l correspondence with the 
morphisms of the respective formal group laws. We construct Integral (!) Adams Operations in Al- 
gebraic Cobordism, and all theories obtained from it by change of coefficients, giving classical Adams 
operations in the case of K . Finally, we construct Symmetric Operations for all primes p (these 

'— operations in Q* , previously known only for p = 2, are more subtle than the Landweber-Novikov 
operations, and have applications to rationality questions - [19], [18], [20]), as well as the T.tom Dieck 
- style Steenrod operations in Algebraic Cobordism. 
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1 Introduction 

In the current article we study operations between Generalized Oriented Cohomology Theories. An 
interest in this subject arose from the prominent role which cohomological operations play in Topology, 
as well as from the already known successful applications of them in Algebro- Geometric context. Not 
mentioning the classical applications of Adams operations in Algebraic K-theory, it starts with the crucial 
use of Milnor's operations in motivic cohomology by V.Voevodsky in his proof of Milnor's Conjecture 
([23] and [22]). In the process he had to construct the whole Steenrod algebra in motivic cohomology with 
^//-coefficients. The restriction of this algebra to Chow groups modulo I was later produced by P.Brosnan 
([3]) by an elementary construction using equivariant Chow groups. Meanwhile, I.Panin and A.Smirnov 
([11], [12]) were studying multiplicative operations between arbitrary theories, and their relation to the 
orientation, resulting in such statements as the general Riemann-Roch Theorem. Finally, M.Levine 
and F. Morel produced the universal generalized oriented cohomology theory - the Algebraic Cobordism 
f2* ([8], [9]). The universality of combined with the reorientation procedure of I.Panin- A.Smirnov 
(following D.Quillen [14]) permitted to produce the multiplicative operations 0* — > B* easily and to 
classify them (in the "invertible" case). In particular, one gets that all such operations are specializations 
of the Total Landweber-Novikov operation Q* — > &2, ■ ■ ■]■ And the resulting Landweber-Novikov 

algebra plays an important role in the study of Algebraic Cobordism, and other free theories of M.Levine- 
F. Morel. In all the mentioned cases, with the exception of Adams operations, the operations were 
(essentially) stable. As a rare example of unstable operations (in the algebro-geometric context), the, 
so-called, Symmetric operations (mod 2) were introduced in [17] and [19]. Originally constructed with 
the aim of producing maps between Chow groups of different quadratic Grassmannians (of the same 
quadratic form), these operations in Algebraic Cobordism of M.Levine-F. Morel were successfully applied 
to the question of rationality of algebraic cycles ([18], [20]), where they provide the only known method 
to deal with 2-torsion. These operations can be combined into a Total one which is a "formal half of 
the "negative part" of the Total Steenrod operation (mod 2) in Algebraic Cobordism. The topological 
counterpart of it was apparently used by D.Quillen in [14]. Being more subtle than the Landweber- 
Novikov operations, the Symmetric ones (mod 2), in some sense, "plug the gap" between L and H*{MU) 
left by the Hurewicz map, plug 2-adically. To have an integral variant of such statements one would 
need Symmetric operations for all primes. Unfortunately, the case p = 2 was produced by an explicit 
geometric construction (using Hilb-i), and it is unclear how to extend it for other primes. The desire to 
construct these operations was the main motivation behind the current article. In the end, it appeared 
that to produce Symmetric operation for p > 2 is about as "simple" as to produce all (unstable) additive 
operations in Algebraic Cobordism. But to do it, one has to develop some new tools. To start with, one 
has to understand better the theory itself - what is it which distinguishes it from other theories of "low 
quality"? What, I think, was underestimated previously, is that, in contrast to Topology, the general 
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object satisfying the Definition of the Generalized Oriented Cohomology Theory is not particularly good. 
And so, if one wants to obtain a result reminiscent of a topological one, one has to restrict attention to 
a very special class of theories. The picture which emerges suggests that there are "topological quality" 
theories parameterized by a formal group law L — > A, and a non-negative integer n, while "inbetween" and 
"across" there is an ocean of "low-grade" theories. The property of Algebraic Cobordism which permits 
us to deal with the unstable operations successfully, is that this theory can be defined inductively on 
dimension. Namely, that £l*(X) can be described in terms of f2* of smaller-dimensional varieties (and 
some explicit relations). This leads to the notion of a theory of rational type ( = type 0). Such theories 
appear to be the same as free theories of M.Levine-F. Morel, and are the best theories available there. In 
particular, all the "standard" theories, like, CH, Kq, BP, higher Morava's K-theories K(n) are of this 
sort. At this stage I should recall that there are two types of cohomology theories in Algebraic Geometry: 
the "large" ones - represented by some spectrum in A 1 -homotopy theory, numbered by two indices, 
and "small" ones A 1 , typically, represented by the "pure parts" A 2% > % of large theories. The Algebraic 
Cobordism ft* of M.Levine-F. Morel belongs to the second type and, by the result of M.Levine ([7]), is 
represented by the pure part of MGL of V.Voevodsky. In this article, we work with "small" theories. 
The fact that ft* is a theory of rational type is non-trivial. Our proof uses the mentioned comparison 
result of M.Levine ([7]), but we hope to by-pass it in the later version of the text (which would make 
our treatment "internal" for £1*). Any theory A* of rational type can be inductively described in terms 
of generators (of smaller dimension) and relations. We provide three alternative descriptions here: two 
in terms of push-forwards, and one in terms of pull-backs - see Subsections 4.1,4.2,4.3. After that it 
becomes possible to construct operations inductively on dimension. This enables us to show that not 
only each operation A n — > B m is completely determined by it's action on (p oo ) xr ) for all r (Proposition 
3.15), but also that if one is given the transformation: A n ((F°°) xr ) — > B m ((¥°°) xr ), for all r, commuting 
with the action of the symmetric group, the partial diagonals, and the partial Segre embeddings, then it 
extends to the unique operation A n — > B m . This is our Main result Theorem 5.1. The "multiplicative" 
variant of it (Proposition 5.17) says that multiplicative operations correspond to transformations as above 
commuting also with the external products of projective spaces. These results permit to describe and 
construct operations effectively, as one only needs to define them on (p oo ) xr ) which is a cellular space. As 
a first application, we describe all additive (unstable) operations in Algebraic Cobordism of M.Levine- 
F. Morel - see Theorem 6.1. These appears to be exactly those L ®i Q-linear combinations (infinite, in 
general) of the Landweber-Novikov operations which take "integral" values on fr((P°°) xr ), for all r. The 
stable ones among them will be exactly L-linear combinations - see Theorem 3.11, but this fact is much 
simpler, and does not require the above technique. In the case of multiplicative operations, we show 
(Theorem 6.8) that such operations A* — > B* (where A* is of rational type) are in 1-to-l correspondence 
with the homomorphisms of the respective formal group laws. This reduces the classification of such 
multiplicative operations to algebra. In particular, we extend the result of I.Panin-A.Smirnov-M.Levine- 
F. Morel on multiplicative operations Q* — > B* to the case where &o is not a zero divisor (compare with: 
" 6o-invertible" , as in the original Theorem). We show (in Theorem 6.9) that the reparametrization 
7 = box + b\x 2 + . . . £ B[[x]] comes from a multiplicative operation as above if and only if the shifted 
formal group law Fg has coefficients in B (has no denominators). As an immediate application of this 
we construct Integral Adams operations ^ in Algebraic Cobordism and all other theories of rational 
type. Indeed, in this case, 7 is a formal multiplication by k, so the shifting does not change Fb at all. 
These unstable multiplicative operations are ^4-linear, and are all obtained from the ones in Algebraic 
Cobordism by change of coefficients. In the case of Kq we get the classical Adams operations. Similar 
considerations permit to construct the T.tom Dieck - style Steenrod operations in Algebraic Cobordism 
- Theorem 6.17 (an object more subtle than the Quillen's style Steenrod operations - see Subsection 
6.4). Finally, using the Main Theorem 5.1 itself we construct Symmetric operations for all primes p - see 
Theorem 6.18. The last two results form a separate paper [21], not to overburden the given text. Aside 
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from the mentioned major results we present various smaller ones - see Sections 6 and 7. In particular, 
we show that all operations in Chow groups mod p are essentially stable (each extends to a unique stable 
operation), and consist of Steenrod operations only (Theorem 6.6). Finally, noting that topological 
application in Algebraic Geometry so far were restricted to simply pulling theories from Topology, thus 
creating a theory represented by a cellular spectrum (since everything in Topology is cellular), we hint 
in Subsection 4.4 at possible direction which could help with the "real" algebro-geometric problems. 

Acknowledgements: First of all, I would like to thank A.Smirnov and I.Panin for many stimulating 
discussions since our 2004-2005 common stay at IAS. These really influenced my way of thinking about 
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N.Yagita, S.Yagunov, and other people for many useful conversations. Special thanks to A.Lazarev and 
F. Morel for pointing me in the direction of the Quillen's paper [14]. Finally, I would like to express my 
gratitude to W.Wilson, whose book [24] gave me the inspiration for the current article. The support of 
EPSRC Responsive Mode grant EP/G032556/1 is gratefully acknowledged. 

2 Algebraic Cobordism and other generalized oriented cohomology 
theories 

2.1 Main definitions 

Throughout the article k will denote the base field of characteristic 0. Sm^ will denote the category of 
smooth quasi-projective varieties over k, and Schk - the category of separated schemes of finite type over 
k. Let R* be the category of graded commutative rings. 

Following M.Levine-F. Morel ([8, Definition 1.1.2]) and D.Quillen ([14]) we introduce the notion of the 
generalized oriented cohomology theory on Sm^. The only difference in comparison with [8, Definition 
1.1.2] is that we impose the excision axiom (EXCI). All the "standard" theories, like Q*, CH* and Kq 
do satisfy this axiom, but not their A^analogues MGL*'* , and K*. So, this axiom restricts our 

choice to the pure parts of A 1 -theories: A*' 2 *. And I should point out that this axiom (together with the 
axiom (CONST) below) is crucial for everything what follows - the main idea of the article is based on 
it. 

Definition 2.1 (cf. [8, Definition 1.1.2]) A generalized oriented cohomology theory on Sm^ is given by: 
(Dl) An additive (pull-back) functor A* : Sm k op ->• R*. 

(D2) The structure of push forwards: for each projective morphism f : Y — > X of relative dimension d, 
a homomorphism of graded A* (X) -modules: 



f*:A* 



(Y)->A*(X) 



satisfying: 



(Al) 



functoriality of push- forwards: (Idx)* = IdA*(x)> an d 



For projective morphisms f : Y — ^ X , g : Z —> Y of relative dimensions d and e, 



(/ o g)* = ho : A*(Z) A* +d+e (X). 
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(A2) For pair of transversal morphisms f : X — > Z , g :Y — >■ Z fitting into the cartesian square 



W-^X 



f 

Y^Z, 

9 ' 

with f projective of relative dimension d, 

* r pi I* 

9 J* = 1*9 ■ 

(PB) For a rank n vector bundle E — > X with the canonical quotient line bundle 0(1) — > F(E), the zero 
section s : F(E) 0{l), and f € A 1 (F(E)) defined by 

£ : = s*s*(l), 

one has: A*(F(E)) is a free A* {X) -module with the basis 

(u.e 2 ,...,^- 1 ). 

(EH) For a vector bundle E — > X and an E-torsor p : V — > X one has: p* : A*(X) — > A*(V) is an 
isomorphism. 

(EXCI) For a smooth quasi-projective variety X with closed subscheme Z A X and open complement 
U AX, one has an exact sequence: 

A*(Z) ^A A*(X) A A*(U) -> 0, 

where A*(Z) := limv^z A^iV) - the limit taken over all projective maps from smooth varieties to 
Z, and for a d-dimensional variety T, A*(T) := A d ~*(T). 

Remark: 1) Notice, that (D2) contains the projection formula. 

2) The extended homotopy property (EH) follows from the "usual" homotopy and (PB). 



Whenever we refer to the generalized oriented cohomology theory in the sense of Definition 2.1, we 
will mean the theory satisfying the above set of axioms. 

Quite often (especially, in our main results) we will need to impose an additional condition demanding 
our theory to be constant along field extensions. To formulate this condition, we need to remind that 
originally our theory was defined only for smooth quasi-projective varieties over k, in particular, for 
varieties of finite type. But one can extend it for localizations of such varieties by approximating them 
by finite-type ones. In particular, following M.Levine and F. Morel ([8, Subsection 4.4.1]), for any finitely 
generated field extension L/kwe can define A*(L) as colimucxA*(U) where U runs over all open subsets 
of some smooth model X with k(X) = L (recall, that we are in characteristic zero, so all field extensions 
are separable). Then we have the notion of a generically constant theory of M.Levine-F. Morel - see [8, 
Definition 4.4.1]. I will call such theories just constant. 

(CONST) The theory is called "constant" if the natural map A* (k) — > A*(L) is an isomorphism, for each 
finitely generated field extension L/k. 

All the standard theories are constant, but it is very easy to construct a non-constant one. 
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Example 2.2 Let A* be any theory (say, a constant one), and Y be a smooth quasi-projective variety 
over k. Then we can define a new theory: Ay, k (X) := A*(Y ><spcc(k) X). For example, we can take 
Y = Spec(L), where L/k is a finite field extension. This theory will not be constant. For example, if L/k 
is Galois of degree n, then A* L/k (Spec(L)) = 0™ =1 -4*(Spec(L)) ; while A* L/k (Spec(k)) = A*(Spec(L)). 

M.Levine and F. Morel costructed the universal generalized oriented cohomology theory ft* called 
Algebraic Cobordism (see [8, Theorem 1.2.6]). It has unique map to any other theory A*. This theory 
satisfies (CONST). Being an analogue of complex-oriented cobordism theory MU 2 * in topology, (for 
fields possessing an embedding to C) it has a topological realization functor Q*(X) — > MU 2 *(X(C)), 
which is an isomorphism for X = Spec(/c). 

2.2 An associated Borel-Moore theory 

Each generalised oriented cohomology theory on Sm^ can be extended to the Borel-Moore functor on 
Schk in the sense of [8, Definition 2.1.2] - see [8, Remark 2.1.4]. We will not need most of the features 
of such a functor, only the push-forward maps which are completely straightforward, so will not list it's 
axioms here. Later, in Subsection 4.3, in the case of theories of rational type we will need the refined 
pull-backs, but these will be supplied by the Algebraic Cobordism case done by M.Levine and F. Morel. 

Definition 2.3 For a quasi-projective scheme Z define A*(Z) := limy^z A*(V), where the limit is taken 
over all v : V — > Z with v projective and V smooth. 

Clearly, A*(Z) = A if (Z re d), and if Z = U^Z; is the decomposition into irreducible components, then 
we have an exact sequence: 

m m 

<— A*(Z) <— A+{Zi) <— A^Zinz,-). 

i=l i,j=l 

More generally, for a closed embedding S C Z with the open compliment U, we have an excision sequence: 

<— A*(U) <— A*(Z) <— A»(S). 

A'priori, A*(Z) for a singular scheme Z is expressed in terms of A* of infinitely many smooth schemes. 
But Proposition 7.7 shows that one can construct a "finite" presentation related to the resolution of 
singularities. 

2.3 Formal group law 

Any theory in the sense of Definition 2.1 (even without (EX CI)) has Chern classes. Namely, if V is a 
vector bundle of dimension d on X, then £ G A 1 (Fx(V v )) (as in the axiom (PB)) satisfies the unique 
equation: 

d 

^(-i)X A (v)-e^ = o, 

i=0 

where <#(V) = 1, and cf(V) G A\X) are some elements. These satisfy the usual Cartan formula, and 
in the case of a linear bundle C, cf(C) = s*s*(l), where s : X — > C is a zero section. By [8, Theorem 
2.3.13], any theory A* as above satisfies the axiom: 

(DIM) For any line bundles L\, . . . , C n on a smooth X of dimension < n, one has: cf(Ci) ■ . . . ■ cf(C n ) = 
0eA*(X). 
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Thus, any power series in Chern classes can be evaluated on any element of A*(X). 

To any theory A* as above one can associate the Formal Group Law (FGL, for short) (A, Fa), where 
A is the coefficient ring of A*, and 

F A (x,y) = Segre*(t) € A[[x,y}} = A*(¥°° x 

where 

poo x poo ^ poo ig 

the Segre embedding, and x,y,t are the 1-st Chern classes of 0(1) of the 
respective copies of P°°. We will denote the coefficients of Fa as afy Thus, 

F A (x,y) = Y J a ij- xi -y j - 

The formal group law describes how to compute the 1-st Chern class of a tenzor product of two line 
bundles in terms of the 1-st Chern classes of factors: 

cf(£®M) = F A (cf(£),cf(M)). 

The universal formal group law (L,Fjj) has canonical morphism to any other formal group law, in 
particular, to (A, Fa)- M.Levine and F. Morel have shown that, in the case of algebraic cobordism, the 
respective map is an isomorphism - see [8, Theorem 1.2.7]. In particular, Q*(k) = L*, for any field k. 

We call the theory A* additive, if it's FGL is additive. By the result of M.Levine-F. Morel - see [8, 
Theorem 1.2.2], the Chow groups CH* is the universal additive (= ordinary) theory. 

3 Operations 

3.1 Category SmOp 

As in topology, operation is just a morphism of theories considered as contravariant functors on Smk 
(thus, commuting with the pull-backs). Such operations appear to be of "various quality", and the best 
behaving of them are, so-called, stable operations. Most of the operations used are stable (as exceptions 
I can only recall Adams operations in K-theory, and Symmetric operations in Algebraic Cobordism (see 
[19])). Although, the stable operations are simple, and it is easy to construct them, they are less subtle 
than the unstable ones. The aim of the current article is to develop an effective method of producing 
unstable operations. And, although, in the end, stable operations is not what we are after (there are 
more or less no questions left about them), they provide an important "coordinate system" in which 
one can study unstable ones. To be able to talk about "stability" we need to introduce some notion of 
suspension. Let me remind that the typical example of our theory A* is the pure part A 2 *>* of some 
A 1 -theory. In particular, we do not have symplicial tools at our disposal. As an easy way out of it 
(following V.Voevodsky and I.Panin-A.Smirnov), let me introduce: 

Definition 3.1 Category SmOp has objects (X,U), where X is a smooth quasi-projective variety over 

k, and U ^ X is an open subvariety. Morphisms from (X, U) to (Y, V) are maps X — > Y which map U 
to V . We have a natural functor: 

N : Sm k — ► SmOp, 

sending X to (A, 0). 

In SmOp we can define Smash-product by the formula: 

(X, U) A (Y, V) := (X x Y, X x V U U x Y), 
which permits to introduce the suspension: 
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Definition 3.2 

E T (X, U) := {X, U) A (P\ P^O). 

Any theory A* in the sense of Definition 2.1 can be extended to a contravariant functor A* : SmOp — > 
Ah as follows: 

A*((X, U)) := Kev(A*{X) ^ A*{U)), 
with the pull-backs naturally induced by those in Sm^. We have an external product: 

A*((X, U)) ® A*((Y, V)) A A*((X, U) A (Y, V)), 

and a canonical element e A = c A (0(l)) € A 1 ((P 1 ,P 1 \0)) - the class of a rational point. We get the 
natural isomorphism: 

S T : A n ((X, U)) -A- A n+1 (Z T (X, U)) 
x i-> x A e A . 

Definition 3.3 Let A* and B* be theories in the sense of Definition 2.1. An operation G : A n — s- B m is 
a morphism of contravariant functors of sets pointed by (in other words, a transformation commuting 
with the pull-backs, and sending zero to zero). An operation is called additive, if it is a homomorphism 
of abelian group. 

Note, that such an operation extends uniquely to a morphism of contravariant functors on SmOp. 
Moreover, the condition i— > is equivalent to the existence of such an extension (since A*((X, X)) = 0, 
and there exists morphism (X, U) — s- (X, X)). 

Definition 3.4 A stable operation G : A* —> B* + is a set of operations {G n : A n -> B n+l , n € Z}, 
which commute with 

As one would expect, 

Proposition 3.5 Any stable operation is additive. 
Proof. 

Lemma 3.6 Let a,P,j : (P 1 ^ 1 ^) ->• (P 1 , (P 1 \0)) x2 be defined as follows: a = id x oo, ft = oo x id, 
7 = A. Let C* be any theory in the sense of Definition 2.1. Then, for any R £ Oft(SmOp) ; and 
Sr = 5 A idR, we have: j R = a* R + (3 R . 

Proof. Lete = e c . Then we have: C*((P\ (P 1 \0)) x2 A R) = e x -C*(R) 0e 2 -C*(R) 0£i -e 2 -C*{R). Clearly, 
a*, /3*, 7* are zero on e\-E2, while a*{e\) = e, a* (£2) = 0, /3*{ei) = 0, /3*(£2) = £, and 7*(ei) = 7* (£2) = £■ 

□ 

Denote: £1 • x + e 2 ■ y + £1 • e 2 ■ € A*((P\ (P 1 \0)) x2 A R) as (x,y,0). Then 

G(S T (x + y)) = G( 7 *(x, y, 0)) = 7 *G(x, y, 0) = (a* + 0*)G(x, y, 0) = G(Z T x) + G(S T y), 
and since G is stable, G(x + y) = G{x) + G(y). □ 

Definition 3.7 An operation G : A* — > B* is multiplicative if, for each X, the respective transformation 
is a homomorphism of rings. 
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To each multiplicative operation one can assign certain power series - the inverse Todd genus 7g = 
bo-x + h-x 2 + b 2 -x 3 + ... € B[[x]}, where, for x A = cf(0(l)), x B = cf (0(1)), one has: G{x A ) = 
1g{x B ) € ^[[a:- 8 ]] = B(F°°). Also, we have (fa '■ A — > B - the homomorphism of coefficient rings. The 
pair (<pg,7g) is a morphism of formal group laws: (A, Fa) — > (B,Fb). In other words, 

¥>gGFa)(7g(w),7g(u)) = ^ G {F B (u,v)). 

Of course, the composition of multiplicative operations corresponds to the composition of morphisms of 
formal group laws: 

{VHoG , 1Hog{x)) = ° tPG , ¥h{1g){1h{x))). 

In the case of A* = Q*, and 60 mvertible in B, the homomorphism ipc is completely determined by jq. 
Namely, L is generated as a ring by universal coefficients ap^, and ipG( a ij) is the respective coefficient of 
the formal group law F^ G (x,y) = 7g(Fb(7 c ^ 1 (x), 7^ 1 (y))). Moreover, one has: 

Theorem 3.8 (Panin-Smirnov+Levine-Morel) // bo invertible in B, then for each 7 = box + b\x 2 + 
b 2 x 3 + • • • € there exists unique multiplicative operation G : fl* — > B* with such 70 

Proof: I.Panin and A.Smirnov have shown in [12] (see also [8] and [6]) that any reparametrization as 
above gives rise to the change of orientation (push- forward structure) on B*, while M.Levine and F. Morel 
have proven universality of ft* ([8, Theorem 1.2.6]), which gives the morphism of theories fi* — >■ B*, which 
provides the needed operation, since the pull-back structure on B* and B* is the same. □ 

Below we will be able to generalize this result substantially - see Theorems 6.9 and 6.13. 
The following statement describes the relation between stable and multiplicative operations. 

Proposition 3.9 Let G : A* — > B* be a multiplicative operation with jq = box + b\x 2 + . . .. Then G is 
stable if and only if bo = 1 . 

Proof. Since G is multiplicative on Sm^, it will be multiplicative on SmOp (w.r.to A). Then 

G(S T x) = G(x A e A ) = G(x) A G(e A ) = G(x) A (b e B ) = b Z T (G(x)). 
Thus we get the needed identity (for all x) if and only if 60 = 1- D 

Example 3.10 Let S™ N : Cl* — > Q*[bi,b 2 , . . .] = fi*[b] be the Total Landweber-Novikov operation. 
It is the multiplicative operation corresponding to the power series x + b\x 2 + b 2 x 3 + . . ., where bi are 
independent variables (see [8, Example 4.1.25] and [14]). By Proposition 3.9 this operation is stable. 

Any stable multiplicative operation G : f2* — > B* is a specialization of S L ^ N . Namely, for each such 
G there exists unique morphism of theories Qq '■ Q*[bi, b 2 , ...]—> B* such that G = 9g S^jy. This Og 
is the canonical morphism of theories on Q*, and sends bj's to the coefficients of jg- 

3.2 Stable operations in Algebraic Cobordism 

We already have some examples of stable operations in Q* - the components of the Total Landweber- 
Novikov operation S^ffjy. It appears that, basically, there is nothing else out there (as in topological 
case) . 

Theorem 3.11 There exists natural 1-to-l correspondence between the set Homi,(L[b],L), and the set 

S Tot g>.0 

of stable operations fl* — >• fl* given by: ip o G^, where G^ is the composition: fl* — > fi*[b] — > $7*. 
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Proof: Since S L ^ N and (g>tp are stable operations, so is their composition. Let now G be some stable 
operation Q* — >■ f2*. Then G is additive. In particular, G|l is additive homomorphism L — > L. Consider 
the commutative diagram: 



oTot 
°L-N 



L 



Z[d][b], 



Z[d] - ^ 

where the vertical maps are induced by the natural embedding of rings L Z[e?i, c?2, . . .] corresponding 
to the twist of the additive formal group law by the change of parameter: S(y) = y + d\y 2 + c?2y 3 + . . ., 

and S maps d{ to e$ - the coefficient of the power series p(y) = (3(5(y)), where = x + b\x 2 + b2X 3 + 

In particular, the vertical maps are isomorphisms 



Lfel 



Z[d][b] = Z[d][e] and L[b] 



Thus, for our Z-linear map L — > L there exists unique L-linear map L[b] L ® z Q such that the 
composition 



gToi _ 

L ^ L[b] 

coincides with G|l <8>z Q- Consider the operation: 

H = G — tpc ° S^V : 0* 

Let us show that H = 0. 

if 



ft* 



Lemma 3.12 Let A* 

Proof: The maps P 1 : 



0. 



B* be stable operation such that H\x = 0. Then H\ Xx i 

: Spec(/c) define the decomposition: C*{X x P 1 ) = C*(X) C*(SX) respected 
by additive operations. Moreover, since H is stable, and H\x is zero, so is H\sx- Hence, H\ X xpi = 0. □ 



Lemma 3.13 Suppose, B has no torsion, and A* — >■ B* is stable operation such that -ff|s P ec(ifc) = 0- 
Then .ff|(poo)xr = 0, for any r. 

Proof: We need to show that H\r F N^xr = 0, for all N and r. Consider the natural projection p : 
(( p i)xJV)xr ^ (pA^xr^ Since p* . jB *((p^)xr) _^ B * (((pi) x JV) xrj is in j ec ti ve , by Lemma 3.12, if| r)xr = 

0. □ 



Remark 3.14 XTie condition that B has no torsion is essential. Take, for example A* = B* = CH* /2, 
and H = G\ — G2, where G\ = id with jqi = % and G2 = St Tot with jg 2 = x + x 2 - the Total Steenrod 
operation. Then (pQ 1 = ipa 2 since there exists only one homomorphism of rings Z/2 — > Z/2, and so 
#|s P ec(ifc)=o- At the same time, clearly, H\p°° ^ 0. 

Proposition 3.15 Let A* satisfies (CONST), and B* be any theory in the sense of Definition 2.1. Let 

A* — > B* be an additive operation (not necessarily stable!) such that H\moo-\xr = 0, for any r. Then 
H = 0. 
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Proof: Let us prove by induction on the dimension of X that H\xx(p°°) xr = 0) f° r an r - The base 
(dim(X) = 0) follows from our conditions. Suppose dim(X) = d, and the statement is known for 
varieties of smaller dimension. Since A*(X x (p Ar ) xr ) i s a f re e module over A*(X) with basis consisting 
of monomials £ m = 01=1 £7^ > where £j = cf(0(l)i), it is sufficient to prove that H(x ■ £ ) = 0, for 
any x £ A*(X), for any m. Because A* satisfies (CONST), we have: H (x\g pcc ^(x)) " C™) = 0, and by 
additivity of H we can assume that £|s P ec(fc(x)) = 0, that is, x is supported on some closed subvariety 
Y C X (herejwe use (EXCI)). By the result of Hironaka (see Theorem 8.2), there exists a permitted 
blow up 7r : X — > X with centers over Y and of dimension < dim(y), such that the proper preimage Y 
of Y is smooth. Since it* : B*(X) ->■ J5*(X) is injective, it is sufficient to show that H(ir*(x) ■ £ m ) = 0. 
We have: 

X = X n ^ X n _x "V . . . 3 Xi ^ X = X 

where Xj+i = Blz t cXi, %i C Xi is smooth of dimension < dim(Y). Let yi € A*(Xi) be some element 
with support on Y, t . Then ir*(yi) = yi+i + tti+i, where yi + \ has support in Y$ + i and Ui + \ has support in 
the special divisor F z^Mz^xJ ■ 

Lemma 3.16 Let A* — > B* be an additive operation, u £ A*(Z), and 

ular embeddings. Then 

{H(g,(u)) = 0} => {H(Mu)) = 0}. 



X <— Z Fz(Mf © 0) 6e regular embeddings. Then 



Proof: Let us use the deformation to the normal cone construction. We have varieties W 
Z = Z x A 1 , W = Pz(A/> ©0),lfi = lx {1}, fitting into the diagram: 



Bl 



ZxfOjcXxA 1 ) 



W W Wi 



Jo 



Jl 



with both squares transversal cartesian. Let zJ — >■ zJ be the natural projection. Since B* satisfies 
(EXCI), H(h*p*(u)) has support in Z. That is, H(h*p*(u)) = h*(v), for some v £ B*(Z). Then 
ilH(h*p*(u)) = H(i* h*p*(u)) = H(g :¥ j^p*(u)) = H(g*(u)) = should be equal to i^h^(v) = g*jo(y). But 
3q is an isomorphism, and g* is an injection. Hence, v = 0, and so H(h*p*(u)) = 0. This implies that: 
= i* 1 H(Kp*(u))=H(i* 1 Kp*(u)) = H(fJ* P *(u)) = H(f4u)). □ 



Lemma 3.17 Let V be vector bundle on Z, and V 
-^1zx(P°°) xr = 0, Vr. Then H\ Vx( ^,ooyKr = 0, Vr. 



Pz(V). Let A* — > £?* 6e additive operation s.t. 



Proof: A*(V) as an J 4*(Z)-module is generated by powers ofcf(0(l)). There are very ample line bundles 
C\,C,2 on V such that 0(1) = £i (8> ^C^" 1 - Hence, any element in A*(V) can be written as an A*(Z)- 
linear combination of Ci(C\) mi ■ cy(£2) m2 - And each such element is a pull-back of a certain element 
from A*(Z x (P°°) x2 ). Thus, any element from A*(V x (p iV ) xr ) i s a sum of elements pulled back from 
A*(Z x (P M ) xr+2 ), and so H must be trivial on it. □ 
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Lemma 3.18 Let Z — > T be a regular embedding (of smooth varieties). Then 

{i?| Zx ( P oo)xr = 0, for any r} H is zero on the image((f x id)*) C A*(T x (P°°) xr ) ; for any r. 

Proof: Follows immediately from Lemmas 3.16 and 3.17. □ 

Since 114+1 has support on a smooth subvariety ¥ z^Nz^Xi), it follows from the inductive assumption 
and Lemma 3.18 that H(ui + \ ■ £ m ) = 0, and the same will be true when we will lift Ui + \ to X. Take now 
yo = x , and construct the elements yi,Ui as above. Then y = y n has support in Y, and by the above, 
H(y-C) = H(tt*(x) -T )• Thus, we can reduce to the case where x has support on a smooth subvariety 
Y C X, where it follows from the inductive assumption and Lemma 3.18. Induction step is done, and 
Proposition 3.15 is proven. □ 

G Sl^N 
We have proven that the composition Q* — > Q* s> S7* ®z Q coincides with the composition 0* — > 

n*[b] ^ Q* Z Q, that is G is a linear combination (infinite, in general) of the Landweber-Novikov 
operations. It remains to show that, in reality, this linear combination has coefficients in L. Induction on 
the degree of the monomial H = \\ t where r = (r±,r2, ■ ■ ■), and deg(6j) = i. The base: the coefficient 

at 6° = 1 is G(l) € L. Suppose, the coefficients at all monomial of smaller degrees are in L. Consider 
X = Xi(P i+1 ) xr % and x = Xi(/i) xr » e 0^ r '(X), where h = c?(0(l)). The action of the operation S^_^ 
on the element [v : V — > X] can be computed as follows: let Ai, A2, . . . be roots of (— Ty + v*Tx)- Then 

s l-tv(M) = coefficient at V in v*(JJ(l + Xjh + \)b 2 + . . -)(ly)) 

j 

In our case, (— Ty + v*Tx) = ©0(1) - one summand per each copy of P* +1 , for all i. Hence, S s L _ N (x) = 0, 
for all s of degree = deg(r) different from r, while S r L _ N (x) = [Spec(A;) ^ X] = pt - the class of a rational 
point. By dimensional reasons, the operations corresponding to monomials of larger degrees also vanish 
on x. Hence, G(x) = [ly • pt + Sdcg(s)<dcg(r) ^« ' ^l~n(. x )- But G(x) € Sl*(X), and all the summands 
aside from the first one belong to &*(X) by the inductive assumption. Hence, [if ■ pt € Q*(X) which 
implies that Hr G L. Induction step is proven, and so the coefficients belong to L. It remains to run the 
Lemmas 3.12, 3.13 and Proposition 3.15 again (for L-linear combination, this time), and Theorem 3.11 
is proven. □ 

3.3 Unstable operations in Algebraic Cobordism (uniqueness) 

Unstable operations can be described in terms of stable ones. In analogy with topology we have: 

Theorem 3.19 The correspondence: G^ <R> ip, where (G^)q is the map: 

identifies the set of (unstable) additive operations Q n — >• Q m with the subset o/HomL(L[b],L<8>zQ)(m-n)- 
In other words, any such operations can be interpreted as a unique L ®z Q-linear combination (infinite, 
in general) of the Landweber-Novikov operations. 

Q 

Proof. By Proposition 3.15 we know that any additive operation VL n — > Vt m is completely defined by it's 
action on (p°°) xr ) for all r. Thus, it is sufficient to show that there exists such L <8>z Q-linear combination 
of the Landweber-Novikov operations which coincides with Gq when restricted to (p°°) xr ) Vr. We have 
mutually inverse operations: 



n* <g> z Q CH* ®zQ[d], 
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where 7 a 1 = x + d\x 2 + c?2X 3 + . . . = (p a (logn), and 7^ = /o^q. Thus, we obtain a commutative diagram: 

n n ® z Q — ft m ® z Q 

(CH* ® z Q[d])(„) (CH 



where is an additive operation between additive theories. 

Let A* and B* be two theories in the sense of Definition 2.1. Let a* = cf (0(1)0, and y< = cf (0(1)0- 
Then A*((P°°) xr ) is a free ,4*(Spec(£;))-module with the basis x It and £*((P°°) xr ) is a free 5*(Spec(fc))- 
module with the basis y l . 

H 

Lemma 3.20 Let A n — > B m be an additive operation of additive theories. Suppose B has no torsion. 

Then there exists a homomorphism of abelian groups A*(Spec(A;)) ^ B* +m ~ n (Spec(fc)) such that 
H{u-xi) = H(u)-yj, for all I and all u € A n ~ dc ^ (Spec(fc)). 

Proof. Because of the partial diagonals, it is sufficient to treat the case xi = x± ■ X2 ■ ■ ■ ■ ■ x r . Thus, 

in any degree we have just one such monomial, and we only need to show that H(u ■ xj) is y I times 

the linear function on u. Changing our A* and B* by (A')* = A*[[xi, . . . , f i, . . . , x r ]], and (B 1 )* = 

/ 

B*[[xi, . . . . . . ,x r ]], we can assume that k = 1. Consider the Segre embedding P°° x P°° P°°. 

Then f*(u ■ x) = u ■ x\ + u • X2- Let H(u ■ x) = j(y) = 70 + Jiy + 722/ 2 + • • • € 5*[[y]]. Restricting to 
Spec(fe) P°°, we see that 70 = 0. Let 7(2/) = 71 • y + 7 S • y s + . . ., that is, the next after the linear 
non-zero term has degree s. Then from the equality: f*(H(u ■ x)) = H(f*(u ■ x)), we get: 

7(2/1+2/2) = 7(i/i) + 7(2/2)- 

Comparing coefficients at y\ ■ y^ 1 , we get: s ■ 7 S = 0. Since B has no torsion, we get that j(y) = 71 • y 
is linear. Thus, we have shown that H{u ■ {x\ ■ . . . ■ x r )) = v ■ (y\ ■ . . . ■ y r ), and the correspondense u i-> v 

defines an additive map A n ~ r (Spec(A;)) -5- B m ~ r '(Spec(fc)) . □ 
The map L — > L ®% Q > L ®% Q is additive. As we saw in the proof of Theorem 3.11, this 

gTot 

map can be presented as the composition: L L[b] — >■ L<8>zQ, for some ^ G HomL(L[b],L<8)zQ)( m _ n ). 
Then Lemma 3.20 shows that on (p oo ) xr ) for all r, H coincides with the above L ®z Q-linear combination 
of the Landweber-Novikov operations. □ 

The natural question arises: which rational linear combinations of Landweber-Novikov operations are 
realized as (unstable) operations Q n — >■ Q m ? It appears that exactly those which take integral values 
on f2 n ((P°°) xr ), for all r - see Theorem 6.1. But this result is much more difficult than everything we 
discussed so far, and we will need the inductive description of the Algebraic Cobordism theory and various 
new tools in order to prove it. 

4 Theories of rational type 

In order to work with unstable operations we will need to produce the description of our theories which 
is inductive on the dimension. Not all theories admit a satisfactory description of the type we want. And 
the ones which do will be called theories of rational type. Later we will see that these are exactly the 
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free theories of M.Levine-F. Morel. The needed description of the theory will be obtained in stages. The 
one which is actually used is provided by the bi-complex* c, but to get there we will need to introduce 
bi-complexes* a and b, and to show that the Algebraic Cobordism of M.Levine-F. Morel is a theory of 
rational type. 

4.1 The bi-complex* a 

Let A* be some theory (in the sense of Definition 2.1). Let X be smooth irreducible variety over k. 
Consider the following bi-complex o = a(A*): 

«i,o > «0,0 

do,i 

ao,i 

(such a "small" bi-complex will be called a bi-complex* below), where 

• «o,o := A*(y), where the sum is taken over all projective maps V — > X, such that V is smooth 
and dim(V) < dim(X); 

• «i,o : = A*(V'), where the sum is taken over all projective composable maps V' A V — >■ X 
such that V and V' are smooth, and dim(F) < dim(X), dim(y') < dim(X); 

• «o,i : = A* + i(W), where the sum is taken over all projective maps w : W — s> X x P 1 with 

W^XxV 1 

W smooth, dim(W) < dim(X), and W = w^iX x {0}) 4 W, W x = w~ x {X x {1}) 4 W are 
divisors with normal crossing. 

and the differentials are defined as follows: 

• d lt0 ((V A V,y)) = (V 4 X,nM) ~ (V ^ X,y); 

■ d 0:1 ((W 4 X x F\z)) = (W 1 ^ X,i\(z)) - (Wo ^ X,i%(z)). 

Let us denote as H(a) the 0-th homology of the total complex Tot(a) of o. In other words, H(a) is 

the cokernel Coker(ai i o © ao,i 10 -^ 01 a o,o)- 

If A* satisfies (CONST), then the restriction to the generic point defines the surjection A*(X) -» 
A — > which has a canonical splitting given by the pull-back pt : A = yl*(Spec(A;)) —¥ A*(X). Let us 
denote as A*(X) the kernel Ker(A*(X) -> A). Thus, A*(X) = A (X) © A canonically. 

The push-forwards define natural map ao,o — > A*(X), and it follows from Proposition 7.15 that it 
descends to a map 9 a : H(a) — > A*(X). By the (EXCI) and the resolution of singularities (Theorem 
8.2), this map is surjective. 

Definition 4.1 Let A* be generalized oriented cohomology theory in the sense of Definition 2.1 satisfying 
(CONST). We say that A* is "of rational type" if the map 6 a : H(a) — > A*(X) is an isomorphism. 

Remark 4.2 Not all constant theories are of rational type. For example, CH a i g - the Chow groups 
modulo algebraic equivalence is not such. Indeed, in this case, for a curve C of genus g > 0, the map 6 a 
becomes CH(C) -» CH a i g (C), and has large kernel. 

But below we will see that all the "standard theories" are rational. 
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Proposition 4.3 Algebraic cobordism f2* of M.Levine-F. Morel is a theory of rational type. 

Proof: The main tool here is the comparison result of M.Levine stating that S7 ra is a "pure part" MGL 2n,n 
of MGL. By the proof of Theorem 3.1 from [7], we have an exact sequence: 

z[fc(i) x ]®W d H' a£\x) -> n*(x) -»• l -»• o. 

Here ^^(X) = lim SI* (IF), where the limit is taken over all closed subvarieties different from X. The 
w 

map div is L-linear and is defined on Z[k(X) x ] as follows: for a rational function / € k(X) x one resolves 
the indeterminacy of / using Theorem 8.3 by the permitted blow up ir : X — > X making / : X — > P 1 
a morphism, and Xq = / _1 (0) — > X, X^ = / _1 (oo) — >• X - the divisors with normal crossing. Then 
div Q (f) = tt*([Xo] — [Xoo]), where [Xq], [Xoo] € (f^ 1 )) 1 ^) are classes of divisors with normal crossing - 
see Definition 7.12. 

For any theory A* we can define the following bi-complex* a' = a' (A*): 

' a o o := © A*(V), where the sum is taken over all projective maps V — ¥ X, such that V is smooth 

V-¥X 

and dim(image(V)) < dim(X); 

' a i o := © A*(V'), where the sum is taken over all projective composable maps V' A V — >■ X 
V'-^V^X 

such that V and V' are smooth, and dim(image(V)) < dim(X); 
' °o l := © A* + i(W), where the sum is taken over all projective maps w : W — >■ X x P 1 with 

VF smooth, 6im(image(W)) < dim(X), and TF = uT^X x {0}) 4 W, Wi = u>^(X x {1}) 4 VF 
divisors with normal crossing. 

and the differentials and H(a') are defined as for a. 

Now, let A* = $7*, and o' = a' (fi*). The push- forwards provide the natural map a' — s- which 
clearly descends to the map a' : Coker((?j'o) ~ ^ ^*^P0- 

Lemma 4.4 TTie map a' : Coker(dj ) — )■ fi^(X) is an isomorphism. 

Proof. Since Coker(df ) = lim $7*(V), where the limit is taken over all projective maps v : V —> X with 
the image - closed subscheme of positive codimension in X, and = lim we get: 

= limO*(Z) = lim O^V") = Coker(d?' ). 

z v^x 

□ 

From here it is easy to see that H(a') — > Q*(X) is an isomorphism, but we will compare a' and a first. 
We have a natural map of bi-complexes a — > a' which gives us the map a : Coker(d" ) — > Coker(dJ ), 
and a : Coker(d(5 x ) —> Coker(dg' 1 ), where d§ 1 is the map ao,i — >• Coker(d° ) (and similar for a'). 

Lemma 4.5 For any theory A* (in the sense of Definition 2.1), the map 

a : Coker(d? j0 ) -> Coker(d?' ) 

is an isomorphism. 
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Proof: (surjectivity) Let Z = image(V) A X, and ir z : Z — > Z - Hironaka's resolution of singularities 
(Theorem 8.2). Then by another result of Hironaka (Theorem 8.3) we can resolve the indeterminacy of 
the rational map V --■> Z by blowing V at smooth centers producing the following commutative diagram: 



V 



-> V 



(1) 



7T Z 



Since (7r„)* : ^4*(F) — > -A*(V) is surjective, we have: (i o v, x) = (i o v o 7r„, y) = (io ir Zl f*(y)), for some 
y G i4*(V"), and dim(Z) < dim(X). 

(injectivity) To prove injectivity, consider the filtration a' r on a' defined by additional condition: 
dim(V) < r, dim(V) < r,dim(W) < r + 1. Then a'°° = a', and o' dim ( x ) = a . Let us show that 
for r > dim(X), the inclusion a /r_1 C a /r induces an isomorphism Coker(<i5 ) = Coker(<iJ ). We need 
to prove injectivity only. Let x = ^2 v (v,x v ) € cl'oq 1 is such that there exists y = Ylf-v-tvifiVf) e a 'io 
such that di,o(y) = x. Let us list all v : V — >■ X and u ' : V' — >■ X participating in y, and for each such V 
resolve the singularities of Z = image(V) by Hironaka, and resolving the indeterminacy of the rational 
map V Z using Theorem 8.3 complete the commutative diagram (1), where tt v is the permitted blow 
up with smooth centers. 



Lemma 4.6 Any map f : V 

to diagrams: 



V and the choice of diagrams of type (1) for V and V can be completed 



(2) 




where f2,£i,£2 are projective birational, f 1 is the composition of a projective birational and a closed 
embedding, j,j',e are regular embeddings, and X , X' ,Yf are projective birational over X. 

Proof. Since all the fibers of n v are rational varieties, there exists a rational map g : V' V lifting /. 
Let Rf be the the closure of the image of 



(vog,v'on v /) 



Z xzZ'. 
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Then R f 4 Z -4 X, where j is a regular embedding, and gi is a closed one. Also, the rational map 
X — > X' is defined in the generic point of i?/, and we have commutative diagram: 



Z' 



X' 



X. 



Then, by Theorems 8.2, 8.3, there exists a permitted blow up Y — > X, which resolves indeterminacy of 
this map, and makes the proper preimage Tf of Rf smooth. We get the commutative diagram 

Z Jj- Tf — S> Z' 



Z 



Z' 



Then, by Theorem 8.3, there exists a blow up with smooth centers fa : Wf — > V which fits into the 
diagram (2). □ 



Let / : V' —¥ V be a map appearing in y. Apply Lemma 4.6 to / and diagrams of type (1) chosen for 
V ->■ X and V' ->■ X. We get diagram (2). 

Notice, that the front and the rear faces of our diagram do not depend on /, but only on v and v' . Let 
y = Ylf(fiVf)- The ma P s and ttv> are birational, so (7Ty)*(l) and (7iy)*(l) are invertible. Consider 

b f := (tivO* ( (*"),(!) ) G MV% and c / : = (*v)* ((^TRI)) G SinCe ^ 2 is birational > we can 

find a/ G such that (fa)*(a,f) = bf. Define df = (/i/)*(a/). 

The map 7ft, is the permitted blow up, so by Proposition 7.6(1), we have an exact sequence: 

<- A*(V) <— Ker(A*(E) ^ A*(R)), 

where E = TJ i - the disjoint union of the components of the exceptional divisor of the blow up, and 
R = \\ i Ri is the disjoint union of the respective smooth centers. Since (ir v )*(cf — (/i)*(a/)) = 0, there 
exists ej £ A*(E) such that /J*(ej) = and q*(ef) = Cf — (/i)*(a/), where p and q fit into the commutative 
diagram: 

4 



R^V. 



Consider 



t f :=K,c/) - (u,c/) + (/i,d/) - (f 2 ,d f ) + (t/,6/) - (nv#,6/) + («o ?I e/) - (p,e/), and t = ^tf. 

f 



Since di,o(y) £ 0(/o > we nave that for every u : V — >• X of dimension r, we have: ^ f*(yf) ~ E 2// = 
Then 



/ £/*(y/)-£y/\ 



^((7r„, C/ ) - (v, c/ ) + (t/,6/) - (Try/, 6/)) = ^( 
/ 



4^ 



V 



(7T„)*(1) 



/ EA(y/)-Ew\ 



(7T„)*(1) 



0. 
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And the remaining terms of tf are of dimension ^ r — 1 (notice, that / is a closed embedding, and 
dim(Ty) ^ dim(Z) < dim(X)). Hence, t G a'lo 1 - On the other hand, di t o(t) = di,o(y) (instead of 
the path V' — V we are moving: V — V — Z' — Tf — Z — V — V, and correct the discrepancy on 
Z with the e/-terms). Hence, the map Coker(<i°'Q ) — >■ Coker(cfj'o) is injective, which implies that 
Coker(d» ) = Coker(d»' ). □ 



Return to the case A* = Q* . We obtain the commutative diagram with exact columns: 

*o,i 



oo,i ^a' 01 Z[fe(I) x ]®L 



a 0,l 



div 



<i{ J 

Coker(dJ )0 ) Coker(d?' ) n£\x) 

|| I 
H(a) -^H(a') —^^(X) 

II I 


where a and a' are isomorphisms. It remains to observe that the map div can be factored through ao,i 
by the very definition. This shows that the maps 

are isomorphisms. □ 



Note, that more generally, we have: 
Lemma 4.7 For any theory A* (in the sense of Definition 2.1) the map 

H(a) A H(a f ) 

is an isomorphism. 

Proof: We already know by Lemma 4.5 that Coker(d" ) — ■> Coker(df ) is an isomorphism. So, we need 
to prove only the injectivity of a. 

Let (U,x) G a' Q1 , where i o u : U — >■ XxF 1 , s.t. the preimages {To an d U\ are divisors with 

normal crossing on U, and T = image(U) AXxP 1 has dimension ^ dim(X). Let T — ^> T - Hironaka's 
resolution of singularities (see Theorem 8.2) such that the preimages To and T\ of and 1 on T are divisors 
with normal crossing, which using the resolution of the indeterminacy of the rational map (7Pr) _1 ok (see 
Theorem 8.3) can be embeded into the commutative diagram: 

where the preimages U$ and U\ of and 1 on U are also divisors with strict normal crossing. For / = 0, 1 
we have the diagram with Cartesian squares: 
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Since ir u is birational, the map (tt u )* is surjective. Hence, there exists y £ A*(U) such that {i^u)*{y) = 
x. By the "Multiple points excess intersection formula" (Proposition 7.21), do,i{U, x) = do,i(U,y) = 
do^(T,u*(y)), and (T,u*(y)) € oo,i, since dim(T) ^ dim(X). Thus, a is an isomorphism. □ 

Proposition 4.3 permits to describe all theories of rational type. It appears that these are exactly the 
free theories in the sense of M.Levine and F. Morel - see [8, Remark 2.4.14]. 

Proposition 4.8 Let A* be the theory (in the sense of Definition 2.1) satisfying (CONST). Then 

A* is of rational type -£4> A* = £1* ®l A. 

In particular, there is a 1-to-l correspondence between rational theories A* and formal group laws 
(A, Fa*)- 

Proof. Since the tenzor product functor is exact from the right, any theory of the type Q* <g>L A will be 
of rational type by the very definition, since fl* is (Proposition 4.3). 

Conversely, suppose A* is of rational type. By the result of M.Levine-F. Morel, ft* is the universal 
theory, so we get a canonical morphism fl* — > A* which extends to fi* <8>l A A A* (since A acts on ^4*). 
This morphism is an isomorphism for X of dimension zero. Consider the following commutative diagram 
with exact rows: 

Ko © a ,i)(O* ® L A) a 0i0 (O* ® L A) (fi* ® L A)(X) — *- (3) 

1 J > 

Ko e ao,i)(A*) ao,o(^*) A*(X) 

Since ao,o{B*) = B*(V), and g is an isomorphism on points, by induction on the dimension 

dim(V)<dimpO 

of X we see that g is surjective for all X (recalling that B*(Y) = B (Y) © B). Again using the above 
diagram, we prove by induction on the dimension that g is an isomorphism for all X. □ 

Remark: Although, in the end, our theories of rational type appear to be the same as free theories of 
M.Levine-F. Morel, there are several justifications for this alternative approach. The main ones being that 
it gives the definition which is internal, and permits to argue inductively on dimension, which will be 
crucial in our dealing with unstable operations below. Also, this definition is rather flexible and permits 
generalizations - see Subsection 4.4. 

By results of M.Levine and F. Morel ([8, Theorems 1.2.18, 1.2.19]) , the (usual) Chow groups CH* and 
Kq are free theories, and hence, the theories of rational type. Other "standard (pure) theories" such as 
BP* and higher Morava K-theories K[n) are, by definition, obtained from algebraic cobordism by change 
of coefficients, and so are of rational type as well. In other words, everything which was "pulled" from 
topology gives pure theories of rational type. This is related to the fact that in topology all spectra are 
made of "cellular" spaces, so their algebraic counterparts have motives constructed out of Tate-motives. 

Let A* be any theory satisfying (CONST). Let us denote as (A^)* the theory tt* ® L A. Then we 
have the canonical map 

Proposition 4.9 (1) g : (A^)* -» A* is surjective; 
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(2) (cf. [8, Remark 2.4.14]) Any morphism A* — > B* of theories extends to a canonical commutative 
diagram: 

(^4(0))* llZ- 

A* > B*. 

f 

In particular, the assignment A* i-> (A^)* is a functor on the category of theories. The assignment: 
f ^ is infective. 

(3) ([8, Remark 2.4.14]) Morphisms A* — > B* between theories of rational type are in 1-to-l correspon- 
dence with the morphisms ofL,-algebras A — > B. 

Proof. (1) Since ao,o(^4*) — > A*(X) is surjective for any theory satisfying (EXCI), the surjectivity of g 
follows by induction on the dimension of X. 

(2) Restriction to Spec(k) gives the morphism of L-algebras A — >■ B, and hence a morphism of theories 

(A^)* — > (B^)*. The fact that the respective diagram is commutative follows from universality of 

Q*, as the composition Q* -> (^l^ ))* -> A* B* can also be decomposed as Q* -> (B^)* -> B*, and 
(B(°))* = ®a 5. The injectivity / h-> /(°) follows from (1). 

(3) Follows immediately from universality of Jl*. □ 



Let us now give some alternative descriptions of rational theories, which will permit us to work with 
unstable operations effectively. 



4.2 The bi-complex* b. 



The bi-complex* o(^4*) describes the theory A* of X in terms of A* of smaller-dimensional varieties and 
push- forward maps. But, to be able to work with cohomological operations we will need to find the 
presentation in terms of pull-backs. This will be done in two steps. First, we will enhance the classes 
(U, x) from o by requiring U to sit in some X projective bi-rational over X, but still keeping push-forwards 
- this is done in the current Section. And then, in the next one, we will switch from push-forwards to 
pull-backs by roughly "going down and up" via the projection X — > X. 
Let us move to the first step. Consider the bi-complex* b = b(A*): 

• ^o,o : = Ak(V), where the sum is taken over all projective birational maps X — s> X which are 

vex 

isomorphisms on X\V, with X - smooth, and V — > X - divisor with strict normal crossing; 



\ ( 



MV) 



X^kX^X 

\v'cx,vcx 







/ 



MVi) 



, where the first sum is taken over all composable 



projective birational maps with smooth X,X, which are isomorphisms on X\V' and 

X\V; V — > X and V — ¥ X are divisors with strict normal crossing; it - permitted blow up with 
respect to V; V = 7r _1 (y); and the second sum is taken over all projective birational maps X — > X, 
which are isomorphisms over X\V\, and V\ C V2 are divisors with strict normal crossing on X. 
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• &o,i := © A* + i(W), where the sum is taken over all permitted (with respect to X x 0, 

XxJPi-KXxP 1 

X x 1) blow ups X x P 1 — > X x P 1 , which are isomorphisms on X x P^W, where TV is a divisor 
with strict normal crossing, having no components over and 1, and for each component S of W: 

S = s-^X x {0}) A S, Si= s-\X x {1}) A S are divisors with strict normal crossing, 
and the differentials are defined as follows: 

(V ->X,y) and 

where X$ , X\ are preimages ( = proper transforms) of X x and X x 1 , and Wj = W f~l Xi . 
Let us denote as H(b) the 0-th homology of the total complex Tot(b) of b. We have natural maps: 

P : Coker(c^ ) -> Coker(d? ), and $ : H(b) -> fl"(o). 

Let X be smooth quasi-projective variety, and Z C X - a closed subscheme. Let ir : X ^ I be a 
permitted blow up at centers over Z such that W = 7r -1 (Z) is a strict normal crossing divisor. By the 
result of Hironaka - see Theorem 8.4, such ir always exists. Then we say that the element (ir,x) € &o,o> 
where x € A*(W) "is defined over Z" . Let us denote as imz the subgroup of all "defined over Z elements" 
in 6o,o/(the first half oid\ Q ). We have a well-defined map: 7r* : imz — > A*(Z). 



■ rfi,o( .'J U,y\) = (V^X,7ri(y))- 
\ V^-X ' 
diM ^V 2 ^X,y) = (V 2 -> X,j*{y)) - 



Proposition 4.10 

(1) The subgroup imz does not depend on the choice of resolution. 

(2) im z =im Zred . 

Proof: Let m : X\ — > X and ir 2 : X 2 — > X be two resolutions as above (with the same X\Z), and 
X\ € A*(Wi) be some element. We have a birational map ir^ 1 tti '■ X\ — > X2 which is an isomorphism 
outside Wi and W^- By the Weak Factorization Theorem (see Theorem 8.6(6)), there exists the diagram 

Yi Y 3 y n _ 2 Y n 

/ \ / \ ^ X ^ X 



of smooth projective varieties over X where each blow up is permitted w.r. to all components of the 
preimage of Z. Since the respective push-forwards are surjective, and each projection Y% — > X is an 
isomorphism outside Z, we can "transfer" x\ from X\ to X 2 using elements from the first part of the 
image(d\o). □ 
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Let Z C Z' be an embedding of closed subschemes. Then we have the map lim A„(V) — > lim A*(V'), 

V^Z V^Z' 

which gives the push- forward: A*(Z) — > A*(Z'). Consider the limit lim A*(Z) over all proper closed 

zcx 

subvarieties of X. In analogy with Lemma 4.4 we have: 

lim = Coker«' ). 

ZcX 

Lemma 4.11 Let T C X be closed subscheme, and Y C X be a divisor smooth outside T. Let (w,x) G 
60,0 be an element defined over T. Then there exists an element (p, x') G &o,o defined over T UY such 
that 

(ir, x) = {p, x') mod image(d\ ), and tt*(x)\tuy = p*(x'). 

~ i 

Proof. By permitted blow up p : X — > X with centers over T we can make the preimages W\ C W% of 
T C T U Y simultaneously divisors with normal crossing. By Proposition 4.10 we can assume that x is 
defined for this resolution. And using the second part of the image(d\ ), we get x' := i*(x) whose image 
in A*(T U Y) is 7t*(x)|tuy (notice that p is an isomorphism outside T). □ 

Lemma 4.12 Let Z C X be a proper closed subvariety. Then there exist divisors Yi, i = 1, . . . ,m such 
that Z C UjYj, and Yj is smooth outside U^Zi^i- 

Proof: Use Noetherian induction. The base (Z = 0) is trivial. Suppose, we know the statement for all 
proper closed subvarieties of Z. By Proposition 7.10, there exist a divisor Y of X which contains Z, 
and is smooth outside Z, and in the generic points of the components of Z. Thus, the locus of singular 
points S of Y is a proper subvariety of Z. By induction, there exist divisors Yi, i = 1, . . . ,m such that 
S C UjYj, and Yj is smooth outside U^Yj. Then the divisors Yi, i = 1, . . . ,m together with Y satisfy 
the conditions for Z. □ 

Proposition 4.13 Let Z C X be closed subvariety, ir : X — > X be resolution as above (with W = 
ti~ x (Z)), and x G A*(W) be such element that 7r*(x) = G lim^/ c x A^{Z'). Then there exists Z' D 
Z with the resolution ir' : X' -> X (with W = 7r /_1 (Z')J and x' G A*{W) such that (ir',x') = 
(ir,x) mod image(di ), and 7r*(x') = G A*(Z'). 

Proof. Let Z" D Z be such closed subvariety that vr*(x)|^» = 0. By Lemma 4.12, starting from any 
closed subvariety Z and adding divisors as in Lemma 4.11 one can get a closed subvariety Z' containing 
any given Z" . Since 7r*(x)|^» = 0, so is tt*(x)\z', which is equal to the push-forward of x' , by Lemma 
4.11. □ 

Proposition 4.14 Let u G 60,0 be an element whose image in lim^/ c x A 1f (Z') is zero. Then u G 
image(d\ ). 

Proof. Let Z\, Z2 be two closed subvarieties. Then it follows from Lemma 4.12 that by adding divisors 
as in Lemma 4.11 one can obtain from Z\ and Z2 the same closed subvariety Z (equal to the union of 
the respective Y's for both sets). Then it follows from Lemma 4.11 that we can assume that u = (tt,x) 
is defined over one set Z. From Proposition 4.13 we can assume that 7r*(x) = G A*(Z). Let us prove 
by Noetherian induction (or induction on the dimension of Z, if you want) that then u G image(d\ ). 
If Z is empty, there is nothing to prove. Suppose, we know the statement for proper closed subvarieties 
of Z. By Proposition 7.10, there exists a divisor Y containing Z and smooth outside some proper closed 
subvariety S of Z. By Lemma 4.11, we can assume that u is defined over Y . Now, we can choose a 
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different resolution p : X — >■ X of Y which involves only blow ups with centers over S and resolves S 
simultaneously. By Proposition 4.10, we can assume that u is defined for this resolution. Let Y be the 
proper preimage of Y, Ei be all the components of the exceptional divisor of p, and Ri be the respective 
smooth centers. We have: u = (p,x), where p*(x) = 0. By Lemma 7.9, we have an exact sequence: 

<- A*(Y) <— (MY) © A*(S)) <— ®iA*(Ei n Y). 

From the diagram: 

Y^Ui(EinY) 

Y*—. UiEi 

we see that x can be represented by an element from A^Uj-Ej) which projects to zero in A*(S). Thus, 
modulo the image(d\ ), u is equal to an element defined over 5 which vanishes in A*(S). By induction, 
u G image{d\ o). □ 

Corollary 4.15 Let A* be any theory in the sense of Definition 2.1. Then the natural map Coker^^g) ~~ ^ 
Coker(d°' ) is an isomorphism. 

Proof: The surjectivity follows from the existence of resolution making given closed subvariety Z a divisor 
with normal crossing by permitted blow up over Z (Theorem 8.4), and the fact that all fibers of such a 
resolution are rational varieties (so, admit sections). The injectivity follows from Proposition 4.14. □ 

Proposition 4.16 For any theory A* (in the sense of Definition 2.1) satisfying (CONST), the natural 
map 

$ : H(b) -> H(a) 

is an isomorphism. 

Proof. By Corollary 4.15 and Lemma 4.5, the map (3 : Coker(d\ ) — > Coker(eZ" ) is an isomorphism. So 
we need to prove the injectivity of /3 only. 
Let us introduce: 

' K,i := © where the sum is taken over all projective birational maps X x P 1 A 

WcXxV 1 

X x P 1 , which are isomorphisms on X x P 1 \PF, where W is a divisor with strict normal crossing 
which is in good position with the preimages of X x {0} and X x {1} (that is, the union of these 
divisors is a divisor with strict normal crossing) which are also divisors with strict normal crossing. 

In particular, for each component S of W, either S is over or 1, or: Sq = s^ 1 (X x {0}) <—> S, 

S\ = s~ 1 (X x {1}) A- S are divisors with strict normal crossing. 

Define dg'i : ^o,i — ^ °o,o by the formula: 

• d ,i(W -> X^F\J2 s z s ) = (Wi -> Xx A X, J2 (Pi)**i(*-)) - (Wo ^X ^X, J2 (po)*iZ(z,)), 

S^P 1 - dom. S^P 1 - dom. 

where Xq,X± are proper preimages of X x and X x 1, and Wi = W (1 X[. 
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The basic difference between b' 01 and 60,1 is that in the latter we do not permit blow ups with centers 
located over and 1, but we do not require components of W to be in normal crossing with the preimages 
of and 1. 

Let us denote the images of the respective maps: 

oo,i ^ Coker« ); b' 01 Coker(d? ); 6 ,i ^ Coker(d° ) 

as im(dQ ± ), zm(cZo 1 ), im(d^ ± ), respectively 

Let Z C X x P 1 be some closed subscheme, and X x P 1 A X x P 1 be some projective birational map 
which is an isomorphism outside Z, and such that the preimages W,Xq,X\ of Z and X x {0}, X x {1} 
are divisors with strict normal crossing, and so is their union. By Theorem 8.4 and Proposition 8.5, such 

#1 

a resolution always exists. Let us denote as imz the image(A Jf+ i(W) — 4- Coker(d" )). 



Lemma 4.17 

(1) The subgroup imz does not depend on the choice of the resolution X x P 1 A- X x P 1 . 

(2) im z = im Zred . 

Proof: Let Q 1 4 XxF 1 and Q 2 4 IxP 1 be two such resolutions with p\ 1 {Z x ) = Wi, p 2 1 {Z 2 ) = W 2 with 
{Z\) re d = {Z 2 ) re d- In particular, Qi and Q 2 are isomorphic outside the preimages of ZiUX x {0}Ul x {1}. 
By the Weak Factorization Theorem (Theorem 8.6), there exists a diagram: 

Yi Y 3 y n _ 2 Y n 

/ \ / \ ^X^X 
Qi y 2 y 4 ... y„_ 3 y n _i Q 2 , 

of smooth projective varieties over IxP 1 where each blow up is permitted w.r. to all components of 
the preimage of Z\ U X x {0} U X x {1}. The respective push-forwards are surjective and commute with 

do,i by Proposition 7.21 (although, Yj's are of slightly more general type than IxP 1 from b' 01 , we can 
consider the respective elements in ao,i and the differential dg^ on them). Notice also, that components 
dominant over P 1 are mapped to dominant ones. Hence, imz will be the same. □ 

Lemma 4.18 Let (U ^ X x P\x) G a ,i, and T = /([/) ClxP 1 . Then 

do i i(L 7 , x) G imr- 

Proof. Let (C/, x) <G ao,i, where [/ ^ I x P 1 , is such that the preimages Uq and t/j of I x {0} and 

I x {1} are divisors with strict normal crossing on U, and T = f(U) AlxP 1 has dimension ^ dim(X). 

We can assume U irreducible. Let XxF 1 —A X x P 1 be the resolution of T making it's preimage T 
as well as its union with the preimages of X x {0} and X x {1} - divisors with strict normal crossing 
(Theorem 8.4, Proposition 8.5). Since the fibers of it are rational varieties (and so, admit sections), we 

get a rational map U ---> S to some component S ^4- T. Notice, that S is dominant over P 1 . Resolving 
the indeterminacy of this map and making the preimages Uq and U\ of and 1 on U divisors with strict 
normal crossing (Theorems 8.3 and 8.4), we get the commutative diagram: 

Try J |tT S 
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For I = 0, 1 we have the diagram with Cartesian squares: 



H,s i i,u\ H,u 

U t "u,l 

Since ir u is birational, the map (tt u )* is surjective. Hence, there exists y € A*(U) such that (7r u )*(y) = x. 
By the "Multiple points excess intersection formula" (Proposition 7.21), 

% A (U,x) = d a 0A (U,y) = d a 0A (S,u*(v)) = < X (T c f^P 1 , (j s )* ° 
Thus, G im T . □ 

Lemma 4.19 For any theory A* (in the sense of Definition 2.1), 

im {d\,i) = *n*(d8'i)- 
Proof. Clearly, m^d^) C im(dg ].), since the diagram: 

b o,i — a o,o 

forg. I 

°0,1 -T^«0,0, 
"0,1 

is commutative. The other inclusion follows from Lemma 4.18. □ 

Lemma 4.20 Let Z C X x P 1 6e a closed subvariety, and Y C X x P 1 6e a divisor such that Y U X x 
{0} Ulx{l} is a divisor with strict normal crossing outside Z. Then 

im z C imzuY- 

Proof. By Proposition 8.5 and Theorem 8.4, we can find a blow up X x P 1 A X x P 1 permitted w.r.to 
X x {0} and X x {1} with centers over Z, such that the preimages of Z, Z U Y, X x {0}, and X x {1} 
are strict normal crossing divisors, and so is their union. By Lemma 4.17, we can use this resolution to 
define imz and imzuY- The inclusion follows. □ 

Lemma 4.21 Let Z C X x P 1 be a closed subvariety whose projection to X has dimension < dim(X) 
(for example, dim(Z) < dim(X)). Then 

imz C im(d b Q l ). 

Proof. We have: dim(p(Z)) < dim(X), where p : X x Pi — > X is the projection. By Lemma 4.12, there 
exist divisors Tj, i = l,...monI such that Tj is smooth outside U*~*Tj, and U^Tj =: T D p(-Z). 
Then ^ = Tj x P 1 , i = 1, . . . , m will have the property: Y t U X x {0} U X x {1} is a divisor with normal 
crossing outside U*~\Yj, and U^Yj D By Lemma 4.20, im^ C imy, where Y = U^Y* = T x P 1 . 
Now we can make the preimage of V U X x {0} U X x {1} a divisor with normal crossing by blowing 
X x P 1 at smooth centers of the form B x P 1 located over T x P 1 . Thus, the preimage Y of Y will not 
have components over or 1, and the preimages of X x {0} and X x {1} will be birational to X (and 
consist each of one component only). Hence, the elements of imy will be coming from 60,1 • D 
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Lemma 4.22 Let Z C X xP 1 be a closed subvariety with the resolution IxP 1 — > IxP 1 , W = p l (Z) 
- the divisor with normal crossing, and u = (p, x) £ b' Q 1 be such element that p*(x) = G A* + \(Z). Then 

do,i( u ) G im (do,i)- 

Proof: Using Lemma 4.20 and Lemma 4.12 (as in the proof of the Lemma 4.21), we can make Z a divisor. 
Let T C Z be a closed subvariety outside which ZUX x {0} Ulx{l}isa divisor with normal crossing. 

Then dim(T) < dim(Z) = dim(X). Let X x P 1 -> X x P 1 be the resolut ion making the preimages of 
ZUX x {0} UX x {1} and of TUX x {0} Ul x {1} - divisors with normal crossing by blowing at smooth 
centers permitted w.r.to X x {0} and Ix{l) and located over T. By Lemma 4.17, we can assume that 
u is defined for this resolution. Let Z be the proper preimage of Z, and Ei be all the components of 
the exceptional divisor of p. We have: u = (p,x), where p*(x) = 0. By Lemma 7.9, we have an exact 
sequence: 

<- A*{Z) <— (A*(Z) A„(T)) <— ®iA*(Ei). 

From the diagram: 

Z*—\Ji(EinZ) 

Z ■* : T Uj£j 

we see that x can be represented by an element from A^Uj-Ej) which projects to zero in A*(T). Thus, 
we can assume that u is defined over T. Since dim(T) < dim(X), by Lemma 4.21, uq ^u) <G im^a^^). □ 

Lemma 4.23 Let Z C X xP 1 be a proper closed subvariety. Then there exist divisors Yi, i = 1, . . . , m 
smc/i that Z C UjYj, one? Yj U X x {0} U X x {1} is a divisor with strict normal crossing outside Uj~^i^. 

Proof: Let Z' C Z be the closure of Z\(X x {0} U X x {1}), and S' = (Z 1 n (X x {0} U X x {1})) U 
5in<7(Z)UZ <dim (x) (where the latter is the union of the smaller dimensional (non-divisorial) components). 
Let S := p(S') re( i, where p : X x P 1 — > X is the projection. Then dim(S') < dim(X). By Lemma 4.12, 
there are divisors Tj, i = 1, . . . m on X such that Tj is smooth outside U'CjIj, and U^ =1 Tj D 5. Then, 
clearly, the divisors Yj := Tj x P 1 on X x P 1 will have the property that Y U X x {0} U X x {1} is a 
divisor with normal crossing outside U^Fj, and on {X xP x )\U™ x Y our closed subvariety Z is a smooth 
divisor not meeting (X x {0} U X x {1}). It remains to add the divisorial part of Z to Yj, i = 1, . . . m. □ 

Lemma 4.24 (1) Let Z = Z\ U Z 2; w/iere Zi,Z2 be closed subvarieties of X x P 1 . Then 

imz = zf^Zi + *"iz 2 mod im(o?Q 5l ). 

(2) Xei u = (p, x) £ b' 01 be an element defined over a closed subvariety Z such that the restriction 
of p*(x) to the generic points of all the components of Z of dimension = dim(X) is zero. Then 

Proof. By Lemma 4.23, we can find divisors Yj, i = 1, . . . , m such that Yj U X x {0} U X x {1} is a divisor 
with strict normal crossing outside U^Yj, and Y = U™ X Y D Z. 

(1) We have: the map A 1f+ \{Z\)(B A 1f+ \(Z2) -» A* + i(Z) is surjective, and so are the maps p* : A* + i(W) — > 
A*+i(Z), (pi)* : A* + i(Wi) — > A*+i(Zi), and {p2)* ■ A* + i(W2) — > J 4*+i(Z 2 ) (the fibers are rational 
varieties). But if we have elements u,u±,U2 defined over Z, Zi, and Z2, respectively, such that p*(u) = 
{pi)*{u\)\z + (P2)*(u2)\z, then by the proof of Lemma 4.20, there are elements u\v! x ,v! 2 defined over Y 
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which represent the same elements in Coker(<i5 )0 ) as u,u±,U2 and such that their images in A*+i(Y) are 
P*(u)\y, (pi)*(u\)\y, (P2)*(u2)\y, respectively. It remains to apply Lemma 4.22. 

(2) By condition, p*(x) is defined over some subvariety S C Z of dimension < dim(I). Using the above 
Y again together with Lemmas 4.20, 4.21, and 4.22, we get what we need. □ 

Lemma 4.25 Let Z C I x P 1 be a divisor of degree 1 over X. Then: 

imz G zm(do,i)- 

Proof: It will be convenient to change a parametrization of P 1 , so that the points and oo be marked 
(instead of and 1). By our condition, Z is a closure of the graph of some meromorphic function 
/ € k(X) x . Let -Do an d -Doo - be the divisors of zeroes and poles of / (we can clearly assume that / is not 
constant). By blowing X —> X at smooth centers located over DqVJD^ we can make the proper preimages 
Do and (we take the proper preimages of components keeping the multiplicities), the special divisor 
E of tt, and Dq U E, U E to be divisors with strict normal crossing, and the function / : X — >■ P 1 be 

everywhere defined (by Theorem 8.3 and Proposition 8.5). Let IxP 1 = X x P 1 . Thus, it is obtained 
from X x P 1 by blow ups constant along P 1 . We have the regular embedding: X = Ff — >■ IxP 1 , 
and F f (1 (X x 0) = Do + Eq, and F j (1 (X x oo) = D^ + E^, where Eq and E^ are some Z^o-linear 
combinations of the components of E. Thus, these are divisors with strict normal crossing on Ff. Let 

F = E x P 1 be the special divisor on IxP 1 . By our condition, the divisor W = Ff U F has strict 

normal crossing. By blowing IxP 1 — IxP 1 further at smooth centers located over W H (I x {0}) 
and W (~l (I x {oo}) we can make the preimage W of W, as well as it's union with the preimages of 
(I x {0}) and (I x {oo}) to be divisors with strict normal crossing. Let u € b' 1 be an arbitrary element 

defined over Z. By Lemma 4.17(1), we can assume that it has the form: u = [W — > I x P 1 , x), for some 
x € A* + \(W). Let u = (W — > I x P 1 , / 9*(2?)) € 6o,i- By Proposition 7.21, the push-forward p* commutes 
with the pull-backs ifo and i^. Hence, cZq'i(S) = do,i(' u ) e Coker(d° ). Hence, imz C wn(do ;1 ). □ 

Let Y C I x P 1 x P 1 be an irreducible divisor. We will say that Y is "in general position", if it's 
intersections with all the faces of P 1 x P 1 have the right dimension, and Y is smooth in the generic 
points of all the components of the intersection with the large faces. That is, Y s= i and Y t= i are divisors 
in I x P 1 , for I = 0, 1, and Y s= i :t=m are divisors in I, for l,m = 0, 1. We call a divisor Z C I x P 1 
"constant" if it has the form Q x P 1 . 

Lemma 4.26 Lei A* be any theory in the sense of Definition 2.1 satisfying (CONST). Let Y C I x 
P 1 x P 1 be an irreducible divisor in general position, and such that Y s= \ = Z U ( constant div. ), where Z 
is irreducible, and the divisors Y and (s = 1) are transversal in the generic point of Z. Then: 

im z C imy s=0 + imy t=0 + irriY t=1 + im^ j). 

Proof: Let I x P 1 x P 1 — > I x P 1 x P 1 be the permitted blow up with centers over Y making the proper 
preimage Y of Y a smooth divisor, the proper preimage of (uLqI x P 1 x {/}) U (U^ n=0 I x {m} x P 1 ) - 
a divisor with strict normal crossing, and it's intersection with Y - a divisor with strict normal crossing 
on Y. Then vr _1 (I x P 1 x {I}) consist of the proper preimage T s=t of I x P 1 x {1} and, possibly, of 
some components E s= i located over some closed subvarieties R s= i of Y n I x P 1 x {I}. Moreover, since 
this intersection is smooth in the generic point, the mentioned subvarieties will be of codimension ^ 2 
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on X x P 1 x {1} (that is, of dimension < dim(X)). And the same happens to tt 1 (X x {m} x P 1 ). Let 

X x {m} x {/} x P 1 x {1} and 

X x {m} x P 1 : — X x P 1 x P 1 
be the face maps and their restriction on Y. By the functoriality of i* we have: 

(i' t=m y o ( ls=l y = (»' a=J )* o ( it=m )* : ^ +2 (y) A,(y t=m , i= ,). 

If x G ^4*+2(y)j then (i s =i)*(x) will have components on T s= i representing some element of b' Q1 , 
and, possibly, some components on E s= i. Considering the latter components as elements of oo,i, we see 
from Lemma 4.18 that °f these in Coker(d" ) will belong to imR 3=l , which is a subset of im(do jj, by 
Lemma 4.21, since dim(i? s= /) < dim(X). Thus, modulo im(d^ ± ), we can ignore these components. In the 
same way, by the same Lemma we can ignore the components located over constant divisors on I x P 1 . 
Let (i s =i)*{x) G b' 1 denotes the T s= ;-part of (i s= i)*(x) with constant components ignored (well-defined 
modulo elements coming from E s= i and modulo constant components). Similar considerations apply to 
(it=m)*(x). We have: 

do'i o {i s=1 )*(x) - o (i s=0 )*(x) = ^ o (i t=1 )*(x) - d^ o (i t=Q )*(x) mod im(a%^) 

Let i : Z — > Y be the proper preimage of Z. Then Z is a component of Y PI T s= i, and by our condition 
(on the restriction of faces to Y), Z is a smooth divisor on Y. Moreover, since the intersection of Y and 
X x P 1 x {1} was transversal in the generic point of Z, we have: 

tt*(0(s = 1))\ 9 = 0(Z) ® 0(C) 0(E' S=1 ), 

where C is some constant divisor, and E' s=1 is some Zj>o-linear combination of the components of E s= ±, 
which implies that we can set: (i s =i)*(x) = (i)*(x). The map Z — > Z is birational, and the composition 

A* +2 (Y) ^ A* +1 (Z) — > A„,(A;(Z)) 

is surjective, because A* is constant (this is the only (!) place where we are using the (CONST) axiom). 
Thus, for any a G A*+i(k(Z)) we can find an element x G A^ +2 (Y) such that TT*((i s =i)*)(x)\k(z) = a, 
while (by the above identity) 1 ((i s =i)*(x)) G imy s=0 +imy fcl + imy t=0 + im(do jj. It remains to apply 
Lemma 4.24(2). □ 

Lemma 4.27 For any theory A* (in the sense of Definition 2.1) satisfying (CONST), 

im(d b 01 ) = im(d% A ). 

Proof. By Lemma 4.21, it remains to show that imz C im(d\i), for each divisor Z C X x P 1 . By 
Lemmas 4.24 and 4.21 we can assume that Z is irreducible, and has positive degree over X, and by 
definition of Oq 1 we can assume that Z is different from X x {0} and X x {1}, and so, meets these 
divisors in proper codimension. Let Z v C ^k(x) ^ e ^ e restriction of Z w.r.to the open embedding 
Spec(fcpf)) — s> X. Then Z v is some closed point of some degree n > on the projective line over k(X). 
Let Y^i=o a it\to~ l w ith a» G k(X) be the homogeneous equation of Z^ . By our condition, ao / and 



V t=rn y 

J t=m,s=l ~ ' - 

Y<=m — 



|i. =I 
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£™ =0 a; ^ 0. Consider C (P 1 x P 1 )*.^) defined by the equation: £™ =1 a^o^si + a o*o s o- Then 
yJL 1 = -Z 77 , Yg =0 is given by the equation aot^, Y^L - by the equation a^so, and - by the equation 
(%2i—i ai)si + aoSQ. Thus, Y v is a curve in general position on (P 1 x P 1 )fc(x)) whose restriction to (s = 1) 
is Z v , whose other three restrictions are points of degree 1 (some with multiplicities), and which does not 
meet "corners" (s = l,t = m), I, m = 0, 1. Moreover, Y v is smooth at all the points Y^ =1 , YjL , Y^L 1 ,Y^_ , 
and transversal to (s = 1) at Z v . Denote as Y the closure of Y v in A x P 1 x P 1 . Then, modulo constant 
divisors, Y s= i = Z, while Y s= o,Yt=o, and Yf = ± are equivalent to some divisors of degree 1 over A (some 
of these with multiplicities), and Y is transversal to (s = 0) at the generic point of Z. It follows from 
Lemmas 4.26, 4.25, 4.21 and 4.17(2) that im z C im(d b 01 ). □ 

Combining Lemmas 4.19 and 4.27 we see that im(do -J = ^ m (^o,i) c Coker(eZ" ), which implies that 
the natural map /3 : H(b) — » H(a) is an isomorphism. Proposition 4.16 is proven. □ 



4.3 The bi-complex* c. 



Now we are ready to construct the description of A* in terms of pull-backs. In this section we will 
assume that A* is a theory of rational type. By Proposition 4.8, that means that A* is free in the sense of 
M.Levine-F. Morel, that is, it can be obtained from Algebraic Cobordism theory by change of coefficients: 
A* = SI* <g>L A. In particular, we can use the tools constructed by M.Levine and F. Morel for Algebraic 
Cobordism in [8]. Among them we will need the refined pull-backs for locally complete intersection 
morphisms. 

Consider the bi-complex* c = c(A*): 

• co,o := A m (V) n im(p-), where the sum is taken over all projective birational maps X A- X 

x->x 
vex 

which are isomorphisms on X\V, with X - smooth, V — > X - strict normal crossing divisor, and 



p : A*(p(V)) — V A*(V) is the refined pull-back; 



ci,o := 



A*(V)nim(p l 

x^-jcAx^ 
v'cxycx 
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MVi)Mm(p l ) 

\ViCV2CX 



, where the first sum is taken 



over all composable projective birational maps X — > X — > X with smooth X,X, which are iso- 
morphisms on X\V' and X\V; V — > X and V — > X are strict normal crossing divisors; tt - single 
permitted blow up with respect to V; V = 7r _1 (y); p : A m (p(V)) — >• A*(V) is the refined pull-back; 



and the second sum is taken over all projective birational maps X 
over X\Vi, and V\ C Vi are strict normal crossing divisors on X. 



X, which are isomorphisms 



co,i 



A* + i(W) (~l im(p), where the sum is taken over all permitted (with respect to 



XxP 1 Aj£xl 
WcXxF 1 



A x 0, A x 1) blowings up A x P 1 — > X x P 1 , which are isomorphisms on A x P 1 \I^ / , where W is 
a strict normal crossing divisor, having no components over and 1, and for each component S of 

W: S = s-^X x {0}) AS,S! = s'^X x {1}) S are divisors with strict normal crossing, and 
p is the refined pull-back. 

and the differentials are defined as follows: 



29 



■ di,o( [*v\ \jr,x \) = (V ^X,x)-(V ^X,tt [ (x)) and 

di fl (Vi Av 2 ^X,y) = (V 2 -> - (Vi -> 

• do,i(W -> f^P 1 , £ *«) = (Wi -»• Xi, £ i*(* a )) - (W -> x , E »$(*.)), 
5 5 5 

where Xo, -X"i are proper transforms ( = preimages) of X x and X x 1, and Wi = W H Xi. 

The fact that di ; o lands in co,o follows from functoriality of the refined pull-backs, and from commu- 
tativity of them with push-forwards ([8, Theorem 6. 6. 6(3), (2) (a)]). 

Our W[ = Us Si fits into the cartesian diagram (with W = p(W), and W\ = W D X x {/}): 



-Wi 

w i\ 



w 



w 



Ix{n^I;^IxFWXx 

pi jl p 



x. 



PI 



JxP 1 
p 



X x {1}^X x P 1 , 



And since the blow up X x P 1 — > X x P 1 has no centers located over and 1, it is transversal to 

the embeddings X x {1} % X x P 1 , I = 0,1. This implies that (h)- = : A* +l (W) -»• A»(Wi) 
(see [8, Lemma 6.6.2]). Now, the fact that do,i lands in co,o follows from the equality (for I = 0,1): 
^ s i[(z s ) = (^i) ! (Xls z s)) and from functoriality of the refined pull-backs: 



Ul) ] °P' = {p°3l)' = {pl) ] ° ik) 1 - 



Consider the map: 



P' ° P* 



c. 



The fact that it commutes with the first half of d± : o follows from the identity (p o tt)' o (p o 71-)* = 
7r ! o (p- o p*) o 7T* (which uses the functoriality of push-forwards and refined pull-backs - see [8, Theorem 
6.6.6(3)].) The commutativity with the second half of d±fi follows from the fact that the push-forwards are 
functorial, and that the refined pull-backs commute with push-forwards - see [8, Theorem 6.6.6(2) (a)]. 
The commutativity with cZ ,i follows from the equality: (fe;) ! = (ji)' : A* + i(W) — > A*(Wi), and the 
identity: 

Ji °P'° P* = p\°k\ P* = Pi Pu ok l= Pl° Pi* jl 

which again uses [8, Theorem 6.6.6(3), (2)(a)]. 

Let us denote as H(c) the 0-th homology of the total complex Tot(c) of c. We have natural maps: 

7 : Coker(4 ) -> Coker(d c 10 ), and 7 : H(b) -> H(c). 

Since all the fibers of /) are rational varieties, and V = p~ 1 (p(V)), the map p* : A m (V) — > Ai,(/9(V)) 
is surjective, (and similar for W). Hence, the map p l o p* : b — » c is surjective. 

Since ^4* is a theory of rational type, by Definition 4.1 and Proposition 4.16, we have an identification: 



which gives the map 



A = H(b), 
ip : A* -> (c). 
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On the other hand, we have the map 



P*(l) 



The fact that ^ is well defined follows from commutativity of push- forwards with the refined pull-backs, 
functoriality of push-forwards, and projection formula. From the same projection formula we see that 
the composition o tp : A — > A is the identity. Thus, we have proven: 

Theorem 4.28 Let A* be a theory of rational type. Then we have the natural identification: 

A* = H(c). 

4.4 Theories of higher types 

The Definition 4.1 is sufficiently flexible. In the sense, that one can modify the term ao,i somewhat. In 

the current form, it imposes rational equivalence. 

Consider the bi-complex = {A*), where a^l = a^o, a^l = a^o, while := A* + i(W), 

W^XxC 

where the sum is taken over all projective maps w : W — > X x C with W smooth, C - smooth projec- 
tive curve with two fixed points po ^ C p\ of the same degree on it, dim(W) < dim(X), and 

are divisors with strict normal crossing, where the 

differential c#o,i is defined as before. 

Define H(aW) as the zero-th homology of Tot(a^). We have a natural surjection H(a) -» H(a^). 

Definition 4.29 Let A* be a theory (in the sense of Definition 2.1) satisfying (CONST). We call A* 
a "theory of algebraic type", if the natural homomorphism 6 a : H(a) — >■ A descends to an isomorphism 
e aW :H(a^)^A*. 

Example of such a theory is provided by CH a i g - the Chow groups modulo algebraic equivalence. 

What is important here is that imposing relations similar to that of 05 1 produces again a theory 
in the sense of Definition 2.1. So, one can produce a huge number of "theories", which demonstrates 
that the general object satisfying this Definition is not particularly good, and additional restrictions are 
needed if one wants to prove any result of interest. 

It is natural to consider the rational type as type 0, and algebraic type as type 1. It is tempting to 
extend this to arbitrary n, producing a tower: 

(a(°))* -» (^W)* (A^y 

where (^4°°)* = image((A^)* — )■ A* op ), and ^("^-equivalence on m-motives, m < n would coincide with 
the topological equivalence. In particular, I would expect the "proper" theories of type n to be again 
in 1-to-l correspondence with the formal group laws L — > A (and so produced by change of coefficients 
from the Algebraic Cobordism of type n). We will not pursue this direction in the current paper. 



5 From products of projective spaces to Snik 

In this section, A* is a theory of rational type, and B* is any theory in the sense of Definition 2.1. Our 
aim here is to prove the main result of the article: 
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Theorem 5.1 Let A* be a theory of rational type, and B* be any theory in the sense of Definition 2.1. 
Fix n,m G Z. Then any additive transformation 

A n ((F°°) xl ) 4 B m ((P°°) xi ), for I G Z >0 
commuting with the pull-backs for: 
(i) the action of &i; 
(ii) the partial diagonals; 
(in) the partial Segre embeddings 

Q 

extends to a unique additive operation A n — > B m on Sm^. 

id 

Remark 5.2 The condition on A* is necessary. For example, the identity transformation CH a / 9 |(poo) X ; — > 
CH ra t |(poo)xi can not be extended to a morphism of theories. 

The transformation A n — > B m on (p°°) x ' commuting with the partial diagonals is completely de- 
scribed by it's action on a • (nLi^ A )> where zf = cf(0(\)i) and a € A n ~ l . Let G(a ■ (Y\ l i=1 zf)) = 
Gi(a)(zf , . . . , zf) G B[[zi , . . . , zf]](, rn y Conditions (i) and (in) impose certain restrictions on these. 
Starting with the power series Gi(a)(zi, . . . ,Z\) we will extend G to X x (P°°) x/ , for arbitrary variety X 
by induction on the dimension of X. 

Definition 5.3 Let X be smooth quasi-projective variety. Denote as G(X) = {G[, I G N} the following 
data: 

Gi G Rom z _i in (A n ~ l {X), B*(X)[[z\, 2j]] (m) ) satisfying: 
(cii) Gi is symmetric with respect to &i; 

(an) Gi(a) = nLi Zi ■ F t (a), for some F t (a) G B*(X)[[ Zl , . . . , Z/]] (m _ . 

(am) Gi(a)(x+ B y,z 2 ,...,zi) = J2 Gi+j+i-i(u ■ afj)(x xl ,y XJ , z 2 , ■ ■ ■ , zi), 

where afj and afj are the coefficients of the formal group laws of A* and B* . 

Let Xa(x) = (— ax) = Y2i^o &t ' x t+1 , x —a y = bfjX l y J ' , and similar for B. Then it follows from 
(am) and (an) that: 

G t (a)(- B x, z 2 ,...,zi) = ^2 G i+i( a ■ ef)(x xi+1 ,z 2 , ...,zi), and 
Gi(a)(x - B y,z 2 , ...,zi) = ^2G i+j+ i-i(a ■ bfj)(x x \y X3 , z 2 , . . .,z t ). 

If V is some vector bundle with £>-roots Af , . . . , A^, then it follows from (at) that Fi +r (a)(\f , . . . , \f , zi, . . . 
is a function of cf (V), . . . , c^(V), and so, it does not depend on the choice of roots. 

Definition 5.4 Let d be some natural number. We say that G(d) is defined, if, for all X smooth quasi- 
projective of dimension ^ d, G(X) is defined, and these satisfy: 

(bi) For any f : X -> Y with dim(X), dim(Y) ^ d, and any a G A n ~ l (Y), 

G l (r A (a)) = f B G l (a). 



32 



(pa) For any regular embedding j : X — > Y of codimension r with normal bundle Nj with B -roots 
for any a G A n ~ l ~ r (X) , one has: 

Fi{j*{ot)){zi,. ..,z{)= j*(Fi +r (a)(^f , . . . ,/if ,zi, . . .,z t )). 
The condition (bu) can be rewritten as: 

Gi(j* (a) = Res — — ^- — ^— 

t=o (t + B /if ) • . . . • (t + B /if) • t 

In such a situation we have the following specialization result. 

Lemma 5.5 Let G(d) be defined, X be smooth quasi-projective variety of dimension ^ d, and C be a 
linear bundle on X with X A = c A (C), X B = cf(C). Then, for any a € A n ~ l ~ 1 (X), 

G l (a-X A )(z 1 ,...,z l ) = G l+1 (a)(X B , Zl , ...,*,)■ (4) 
Proof. 1) Let C be very ample. Then X A = where Y -4 X is a smooth divisor, and: 



Gi(a ■ X A )(z u ...,zi) = Fi{j*j*{a)){ Zl ,. . . , zfi ■ \\ z { = 

i=i 

i i 
j,F l (f(a))(X B ,z u ...,z l ).\{z l =jSF l (a)(X B ,z 1 ,...,z l ).^[\z l = 

i=i i=i 

F l (a)(X B ,z l , . . . ,zi) ■ X B ■ Y\ z i = Gi(a)(X B , z±, . . . , z t ). 



i=l 



2) Let now C be arbitrary. Since X is quasi-projective, C = C\ <£> C 2 l , for some very ample line 
bundles £«. Using 1) and the analogue of (am) for the formal difference, we get: 

Gt(a ■ X A )( Zl , . . . , z{) = Gi{a • (X A )\X A y ■ b A )(z u . . . , z t ) = 

Y,Gi(a-b A )((X A r\(X A )^,z 1 ,... 1 z l ) = G l+1 (a)(X B - B X B , z u . . . , z x ) = G l+1 (a)(X B , z u . . . , *,)■ 

□ 

If G(X) is defined, we can define G(X x P°°) as follows. We have: A*(X x P°°) = A*(X)[[t}}, where 
t = c A (0(l)). For a(t) = EZo a i ' **> set: 

Gi(a(t))(z!, ...,z l ) = Y J G l+i ( ai )(t x \ Zl ,..., Zl )e B*[[t]}[[ Zl , . . . , Zl \], 

i 

which converges by (an). It follows immediately from the definition that (ai^m) are satisfied. 

Lemma 5.6 Suppose that G(X) is defined, and satisfies (4). Then the above definition of G(X x P°°) 
satisfies (4) as well. 
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Proof: Arbitrary linear bundle C on X x P°° has the form Ai(r), for some r € Z, and some linear bundle 
M on X. Let fi A = c A (M), p, A + A [r] -a t = c&O^)** 3 and 7 e ^*P0- Then ' W the definition of 
G(X x P°°), the condition (4) for X, and (a^j), we get: 

G,( 7 • t p • [r] -a t))(*i, . ■ ■ , *i) = £ ^+P+^'(7 • <£)(* xp+J ', 0O Xi , *i, • • • , *l) = 

G'i +P+ i(7)((/U B +B [r] -b t),t**,z u ...,*,) = G I+1 ( 7 ■ t p )((/x B + B [r] - B t),z u . . .,*,)■ 
This extends to arbitrary element a(t) of ^4*(X x P°°) by linearity. □ 

Suppose G(d — 1) is defined, and X ^4 Spec(fc) is a smooth quasi-projective variety of dimension ^ d. 

Let D 4 I be divisor with strict normal crossing (see Subsection 7.2) with components Di % D, and 
7 = Ei(*)*(7i) G ^ n "'" 1 ( £) )- Let Af = cf (0(A)). Then, let us define: 

F,( 7 |I>)(*i, ...,*,):= EW)* F i+i(^)(Af ,Z!, . . .,z{). (*) 

Notice, that dim(Dj) ^ eZ — 1, so G(Dj) is defined. From the equality: 

Fi +1 ((d {iJ}/i )*6)(\? , z 1: ...,zi) = (d { i !j}/i )*F l+2 (6)(\f,\?, zi,...,z t ) 

it is clear that our definition does not depend on the presentation of 7 as a sum of (dj)*( 7 i). Also it 
follows from (bu) that, in the case dim(X) ^ {d — 1) we have: 

F l (i\D)(z 1 ,...,z l ) = F l (d*(i))(z 1 ,...,z l ). 

Proposition 5.7 Suppose, we have a cartesian diagram (7) with X and Y of dimension ^ d, and D 
and E - divisors with strict normal crossing. Then: 

f* Fi( / y\D)(zi, ...,*,) = W*( 7 )|£)(*i, ■ • • , 

Proof. From the definition (*) above and the definition of /* (Definition 7.16), it is clear that it is 
sufficient to treat the case of a smooth D. Let E = Y,j=i m j ' E31 A A = c A (Ox(D)), fi A = cf(C>y (A)) 
(and similar for A B , /if). Let us denote (Fj 11 '"'™ 8 ^ e . . .,fif]] as (and similar for B). 

Lemma 5.8 Suppose, we have a cartesian square (7) with dim(Y) ^ d, and D - smooth divisor, E - 
divisor with strict normal crossing. Then, for any choice of coefficients Cj ,B , 

F^Tdmiz,,. .., ZI )= £ ( ej ), (cf ■ F l+1 (r J ( 1 ))(f}(x B ),z 1 , . . . , Zl )) . 

JC{l,...,s} 

Proof. We will denote the 1-st Chern class of the bundle Oil) on P°° (in both A* and Z3*-theory) by t. 

Let n A = t+A^ A , and similar for B. Let us denote: fxf = Ylfei[ m j] 'A^fi an d Jj-f = YlfeA m i\ ' A ^f ( an d 
similar for fif). For each subset ^ J C {1, . . . , s}, let us denote Xj G j^i B as (fx B ) xJ , and Xj e jjl? as 
(jl B ) xJ . From the definition and (6,) it is clear that both parts do not depend on the choice of coefficients 
Cf' B . Let us use the standard choice for Cf' B . Recall, that C A = ^ Jcj( \ ^ j — . Denote as C A the 



34 



analogous coefficients for fj,j. We have: 

F,(7*(7)|£)(*i, ■ ••,*) = E M*^ + |J|(/}(7) • <#)((/**)* J , *i, • • • , *l) 

JC{l,...,s} 



, +W W(7)-^)((g'')^,^,-,^ = 

^ *=o f • (u B ) J ■ T\ l z- 

jc{i,...,s} 1 > lU=i^ 

V (e^Res^^^-^^-^^'V))^^^^. 

V (ej)« Res f ^i(/}(7))(£fU, ■ ■ ■ , f 

E (e^Res(E(-l) |JHJ| ^- Fm(/}(7)) f' Z1 '- 



JC{l,...,s} VcJ 



Since, for L c J, Elc/cj fl+i(/£h))(?f , 21, . . . , 21) ■ (-1)I J H'I is divisible by (J, B ) J I L (this is true for 
any power series F(x)), we have: 

(ej/i,)* Res Cf • E I f L - E (-l) |J| " m ^i+i(/j(7))(MF,^,---^)-wf = 

LCJ ^ ' LC/CJ 



*~ U fr , 1 ' VA 1 J Tr-f^ 7 



gcf-Ej- E (-i) |JH ^i+i(/L(7))(?F^i,---^)-wf, 

LcJ LC/CJ 

we can rewrite our expression as: Y1jc{i s y(ej)*Rj, where Rj = 



Resf V (-1)1^1^1-4- . F l+1 (fKj))(Jlf, Zl ,..., Zl ) 



Ewpwr E (-i) |J| - m+1 ^« + i(/}(7))(Mf,zi,...^)+ 

LCJ ' ^ j LeICJ 

E? E (-l) |XHiV| ^i(/}(7))(^,.i,..,^))-f = 

JCK JCNCK ' 

R _ e o s (E? E (-i)^ H ^ + i(/}(7))(^^i,...,^))-f = 

^jc-k: jcnck ' 
f|(f%(/](7))(/i5 s} , *)) wf = Cf • F m (/}( 7 ))(/}(A B ), 



Thus, 



F,(/*( 7 )|^(zi,...^)= E M*(^-F m (/}( 7 ))(/}(A B ),z 1 ,...,z i )). 

JC{l,...,s} 



□ 
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It remains to observe that our expression is equal to f*Fi( r y\D)(zi, . . . ,zi), by Proposition 7.21 and 



Suppose G(d — 1) is defined, and X ^4 Spec(/c) is a smooth quasi-projective variety of dimension ^ d. 
Let us define G(X) as follows. Since A* is a theory of rational type, by Theorem 4.28, A*(X) = A®H(c), 
where c is a bi-complex* of Subsection 4.3. 

For the constant part, set: Gi(p* x (a))(zi, ... ,zi) := p* x Gi(a)(zi, . . . , z{). 

For the ^4*(X)-part, consider an element of co,o- It is represented by the triple (X A- X, V A 
-X", 7), where p is birational projective morphism, V - divisor with strict normal crossing on X, and 
7 G A n-z-1 (V) n im(p l ). Recall, that the respective element a G is ■ Define: 

*!(„)(„,■■■,„):= g^KlBfapM . («) 

Notice, that dim(V^) ^ d— 1, so G(V^) is defined. So, is well-defined on c^o- Also, for dim(X) ^ (d— 1), 
it follows from and (&&) that the "new" definition of F\ agrees with the "old" one. 
Now we need to check that it is trivial on the images of d\ and d c 1 . 

Proposition 5.9 In the above situation, Fi(j\V) G image(p*). 

Proof: Consider first the case where p is the permitted blow up with smooth centers Rj. Let Rj ^~ 
Ej -4 X be the components of the special divisor of p. Then, by our condition on V, Ej is among the 
components V; L of V. Then, by Proposition 7.6, to prove that Fi{^\V) G image(p*) we need to show that 
e*{Fi(^\V)) G imagers*), for each j. Since V is a divisor with strict normal crossing on X, and Ej is a 
component of it, for any other component V; L of V, the left cartesian diagram below is transversal: 

Hi :j Ej 

h i,3 , e l 

By (the very simple case of) Proposition 5.7, e*Fi(^i\Vi) = Fi(h*j(ji)\Hij). But dim(lfjj), dim(I^), dim(Ej) ^ 
(d- 1). Thus, 

Fiihlji^Hij) = Fdu^hl^)) = F^jivMli))- 

And the same is true for the £j-component: e*Fi(~fj\Ej) = -P)( e j( e j)*(7j))- Hence, by [8, Theorem 6.6.6 
(2)(a)], 

e*j F l(rf\V) = E e ^(^l^) =Y, F i( e *j( v i)*hi)) = F^Ml)) = Fi(e*vJ((3)) = F^e* p* z*(/3)) = 

i i 

F l (e*r*z4P)) = e*F l (r*jz4P)). 
So, FtfrlV) G image(p*). 

Let now p be just projective bi-rational map. Let Z (Z X be closed subset p{V) outside which p is an 
isomorphism. Then there exists a permitted blow up p' = po7r with centers over Z. Let V = ir*(V). By 
Proposition 5.7, ir*Fi(j\V) = Fi(7Ty(j)\V'), which is in the image(ir* p*) by the case proven. Since n* is 
injective, Fi(-y\V) G image(p*). □ 
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The 1-st part of (d{ ): Let 




be the cartesian square, with V and V' divisors with strict normal crossing, with it the blow up permitted 

w.r.to V. We need to check that the triples: (X 4 X, V A X, 7) and {X A X, V ^ X, 7^(7)) produce 
the same result. From Propositions 5.7 and 5.9, 

p*7r*Fj(7r^7|V r, )(«i, ■ ■ ■ , zi) _ p^TT^Fii-flV)^, . . . , zj) _ p*Fi{^\V){zi, . . . , z t ) 



/9*7T*(1 B ) 



P*7T*7T*(1- B ) 



Thus, i 7 ] is trivial on the image of the 1-st part of (d\ ). 

The 2-nd part of (d\ ): It follows immediately from the definition of Fi(j\V) that F\ is trivial on the 
image of the 2-nd part of {d\ ). 

(d c 01 ): Let X x P 1 A X x P 1 be the blow up permitted w.r.to X x {0} and X x {1} having no 
centers over 0, or 1, which is an isomorphism outside the strict normal crossing divisor W, and for each 

component S of W, S = s'^X x {0}) 4 S and Si = s'^X x {1}) A S are divisors with strict normal 
crossing. Let X = p~ 1 (X x {0}), and X 1 = p~ 1 {X x {1}). Let 5 = J2 S 6 s ^ A n ~ l ~ l (W) n im(p l ). We 
need to show that Fi takes the same values on the triples 

(X ^X,W ^ X ,J2io($s)) and (X l 4 X, W, ^ tf(<fe)). 



^0 k *1 fc 

Let S be some component of PF, and So,fc -4 So, S± t k — > Si be the components of So, Si. Let 



S 



S be some projective bi-rational morphism, which is an isomorphism outside some divisor with 

normal crossing H A S, and such that p o h(H) does not contain components of So and Si. Let 
X A,B = c A,B {0 _ {s)l = c AB {0xo{Sok)) _ ^ ^ = pl(u) £ A n-l-2 (fr)> and £ £ A n-i-l (S) 

be the image of u (in particular, ^(7) = p* (/?)). Let us denote: 

'p*F l+1 ( 1 \H)(p*(\ B ),z 1 ,...,z l ) 



F l {l3\S){z l ,...,z l ) :=s* 



P*(l) 



Lemma 5.10 In i/ie above situation, 

iS(WIS)) = ^(/^o) and iJ(F,(/3|5)) = ^(/^i) 

Proof: It is sufficient to treat the So case. By our condition, p o ) itersects each component of So and 
Si in positive codimension. 

Consider one of these components So By Theorems 8.3 and 8.4, we can find a permitted blow up 

S),fc So t k, which fits into the diagram: 



H, 



o.k 



h 0,k ~ P0,k s 0,k 

" <->0,fc *" ^O.fe 



0,H 



*0,fe 










„ 



x 



H 



S- 



X x 



h P 

where the left square is cartesian, and Hq & is a divisor with strict normal crossing on So k- 
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Lemma 5.11 Let 



S 



3 

be commutative diagram with p and q - projective bi-rational. Let x £ im(p*). Then: 

q*(j*(x)) = .J p*{x) 
9*(i) 2 W), 

Proof: Let x = p* (y) . Then 

q*G*P*(y)) -fP*i}) = q*q*j*(y)-3*P*(l) = 9.(1) ■ f(v) • fp*(l) = 9.(1) ■ / (P.P*(l/)), 
which implies what we need. □ 

By Proposition 5.9, Fi + i('j\H)(p* (X B ), z\, . . . , z\) € im(p*). Then, by Lemma 5.11, Proposition 5.7 
and (bj), we have: 

.„ / p,F m (7lg)(p*(A B )^i,...,^) \ = (p , fe ).>(Tg ifc F f+1 (7|g)(p*(A fl )^i, . . . , zQ) _ 

(po,fc)*(-Pi+i(»o,ifefc*(7))(»o,fcP*(A B ), • • • , ~j) _ (Po,fc)*(^+i(pS,fc^fc(/ 3 ))(Po,fc i o,fc( Ag )^^ • • •»**)) _ 

(po,fe)*(l) (P0,fc)*(l) 
^+i(^(/5))(^ fc (A B ),zi,...,zO- 

We can assume that coefficients Cj' B are chosen to be zero, for \ J\ > 1. Then, by Proposition 7.21, and 
Lemma 5.8 

i Q {Fi{f5\S){z u zi)) = i s* ttt 

V P*\ l ) 

2> 0l *).(<3? ■ ^+i(io,fc(/3))(*5,fc(A s ), = E( a o,fc)*^+i(io,fc()8) ■ *i, . . . , z t ) = 

k k 

F l (i* (P)\S )(z 1 ,...,z l ). 

□ 

Let S ^ Spec(fc) be the natural projection. Denote: 

F,(l|5)(zi, . .., Zl ) := s*(k* s F 1+1 (1)(s*(\ b ), z u z t )). 

Lemma 5.12 In the above situation, 

WmS)) = F,(i$(l)|So) and iJ(F,(l|5)) = 

Proof: We treat So only. By Proposition 7.21 and Lemma 5.8, we have: 

e o s*(Tr* s F l+1 (l)(s*(\ B ), Zl ,..., Zl )) = 2(*o,fc).(Cjf • Zo>^ +1 (l)(Zo>*(A B ), *i, • • • , = 

fc 

5>o,j0*(<?£ • F i+1 (l)(^, fc iS(A B ), zi)) = ^(8o,k)*F l+1 (C£)(ji$ tk , zi,...,z t ) = 

k k 

F l (i k (l)\S )(z 1 ,...,z l ). 

□ 
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Proposition 5.13 In the above situation, 



(po)**K£s*oO*s)|Wb)(zi, • • • ,zi) _ (pi).i^£s*i(te)|Wi)(*i, ...,*,) 



(Po).(l) 



Proof: 



Lemma 5.14 Lei S be quasi-projective variety, and T be some divisor on it. Then any element j3 G 
A*(S) can be represented by an element from A*(Z), where Z — >■ S is a closed subscheme containing no 
components of T . 

Proof. Since A* is obtained from Algebraic Cobordism theory by the change of coefficients, it is sufficient 
to treat the case of A* = tt*, and [5 = 7r*(ly), where Tj A Tj is the resolution of singularities of 
some component of T. Since S is quasi-projective, l!^ can be represented as 1#^, where Rk are 
irreducible divisors different from components of T. Taking resolutions Rk ^ Rk, we have: 7r*(l^ ) = 
£fc(Pfc)*(l.R ) + 7, where 7 has support of codimension ^2. □ 

n _i_\ 

Lemma 5.14 together with Theorem 8.4 implies that any element (3 € A (S) = H(b) can be 

represented by an element (S A S,H A S,x), where p is projective bi-rational, isomorphism outside 
Z C S, where Z is a closed subscheme containing no components of So and Si, H = p~ l (Z) is a divisor 
with strict normal crossing on S, and x € A n ~ l ~ 2 (H). Then the respective element in H(c) will be 

(S4S,F4 S,p ] (p H )*(x)). Taking 

7 = P'(ph)*(x) and /3 = p*h*(x) as above, we obtain from Lemma 

5.10 that 

= Fl(io(P)\So) and = 

And the same is true for /3 = 1, by Lemma 5.12. Since p has no centers over and 1, the following 
cartesian diagram is transversal: 



po 



P 



Xi 



PL 



X x {0} IxP 1 ^ X x {1}. 

This implies that, for any 5 € A ra ~'~ 1 (PF), 

(po)*^(Es*o(*s)I^o)(«i, • • • , *j) ,* ( P*m\W){zi, ...,Z t ) 



(po)*(l) "°V P*(l) 



□ 



It follows from Proposition 5.13 that Fi is trivial on the image of d 01 . Thus, we obtain: 

Proposition 5.15 Suppose, G(d— 1) is defined, and X is smooth quasi-projective variety of dimension 
d. Then the above definition of F[ is well-defined and satisfies the conditions ofG(X). 
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Proof: We already have proven that F\ is well-defined on A n ~ l (X). The conditions (cij), (an) follow 
immediately from the definition of F[. As for (am), it is clearly sufficient to treat the case, where V —> X 
is a smooth divisor, and a = (7). Let \ A ' B = c^ B (O x (V)). Then 

Gi(u*(7))(» +B y,^,...,^) = u *R e s ( t +B A B) . t = 

Gi +i+j (~i ■af j ){t+ B \ B : x x \y x i,z 2 ,...,zi)uj? „ , 
V *^? S Z> ! (f + B \ B ) ■ t = 2_jGi +i+j - 1 (v*('y)-a i j)(x x% ,y X3 , z t ). 

hi i,j 

□ 



Proposition 5.16 Suppose, G(d — 1) is defined. Then it extends to G(d). 

Proof: Above we have defined G(X), for each X of dimension ^ d, which, in the case of dim(A) ^ (d— 1), 
coincides with the "old" definition. It remains to check the conditions (b^u). Let X, Y be smooth varieties 
of dimension ^ d. For constant a <G A n ~ l (X), (bi) is evident. Consider now the case a € A (X). Let 
I 4 I be the projective-birational map, which is an isomorphism outside the strict normal crossing 
divisor V x ^ X, and 7 € A n_i_1 (Vx) n p^. We can assume that a = fe^M**j»M . By Theorems 8.3 



and 8.4, we can find the projective bi-rational map Y ^ Y, which fits into the commutative diagram 
with the left square cartesian, and Vy Y - the divisor with strict normal crossing: 



Vy J^y^Y 



fv 



Vx 



v x 



X 



PX 



X. 



By Proposition 5.9, Lemma 5.11, Proposition 5.7, and Proposition 7.21, 



f*F l 



(px)*(vx)*(l) 



(pxUI) 



f 



(px^F^lVx^ _ (pv^FF^Vx) 



(py^u^Wy) 



= F, 



Fi[f 



(pyUi) 

(px)*(vx)*(l) 
(PyW) 



(PxUI) 

(pY)*(vY)*f v (l) 



F, 



{Py)*(±) 
This proves (bi). 



(py)*(1) 

(PY)*f*(vx)*(l) 

(py)*(1) 



Let now I 4 7 be regular embedding of codimension r with normal bundle A/}, with dim(y) ^ d. 
Consider the blow-up diagram: 



E ■ 



X 



Y 



■Y, 



where E = f x (Mj), and N~ j = O(-l). Let M = e*A/}/0(-l), v^ B \ 



A,B 



be roots of A4, £ 



A,B 



root of O(-l), and a € A n ~ L - r (X). Then, by the already proven (bi), the Excess Intersection Formula 
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(Proposition 7.1), the definition of G(Y), Lemma 5.5, again (pi), and Proposition 7.1 again, we get: 
7r*F, &(a))(*i, . ..,*,) = Fi(ir*j*(a))(zi, ...,*,) = *J&(c£_i(M) ■ e*(a)))(*i, ■ ..,*,) = 

r-l 
i=l 

^(^(.M) • e*(Fi +1 (a)(nf , . . . ,zi, . . . ,^))) = Tr^-^+i^^f , • • ■ ,zi, • ■ ■ 
And since 7r* is injective, we obtain □ 

Proo/ o/ Theorem 5.1: By the conditions of the Theorem, G(0) is defined. Then it follows from Proposition 
5.16 that it can be extended to G(oo). Consider now G : A n (X) ->• B m (X), for all X G Sm k . By (6,), 

this is an additive operation. It remains to see that it extends the orig inal A n ((F°°) xl ) £ m ((P°°) x '). 
From commutativity with the pull-backs for partial diagonals, it is sufficient to compare the results on 
a ■ Y\i=i z f e ^ n ((P°°) x '), where a G A n ~ l , and zf = cf(0(l)i). Let j : (F°°) xl -> (P 00 )*' be the 
product of hyperplane section embeddings. Then Go(j*(a)) = G;(a)(zf , . . . , zf) = G(a • Ili=i z t)i 
(bu) and the definition of G(Spec(fc)). Thus, Go extends the original transformation on products of 
projective spaces. The uniqueness follows from Proposition 3.15. □ 

We will also need the following multiplicative version: 

G 

Proposition 5.17 Suppose, in the situation of Theorem 5.1, the original transformation ^4*((P°°) x/ ) — > 
B*((P°°) xl ) commutes with the external products of projective spaces. Then the resulting operation G is 
multiplicative. 

Proof. We need to prove that G respects external products of varieties: 

Gi +m (a x f3)(x 1 ,. ..,xi,y±,... ,y m ) = Gi(a)(x 1 ,.. . ,xi) x G m (P)(yi, . . . ,y m ), 

for any a G A*(X), (3 G A*(Y). We first prove it for the case Y = Spec(fc) by induction on the dimension 
of X. The base and the case where a is constant follow from our condition. In the case a £ A (X), we 
can find a projective bi-rational morphism X A- X such that p*(a) is supported on some divisor with 
strict normal crossing. Since p* is injective, without loss of generality, we can assume that a = v*(a'), 
where V A X is a smooth divisor. Let X B = cf(Ox(V)). Then 

Gi +m (a x f3)(x 1 ,...,xi,y 1 ,...,y m ) = (v x id)*Gi +m+1 (a' x /3)(X B , x 1} . . . , x h y u . . . , y m ) = 

(v x id)*{G l+1 {a'){\ B ,xi, . . . ,x t ) x G m (/3)(yi, . . . , y m )) = Gi(a)(x 1 , . . . , x{) x G m (f3)(y 1 , . . . ,y m ), 

which proves the induction step. Now, by the induction on the dim(Y), using similar arguments, we 
prove the general case. □ 

6 Applications 

6.1 Unstable operations in Algebraic Cobordism 

As a first application of our main result (Theorem 5.1), let us finish the description of unstable operations 
in Algebraic Cobordism: 
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QTot „ , 

Theorem 6.1 The correspondence: G^ o i/j, where (G^)q is the map: fT ^ 12* [b] ^> ft* OzQ 
identifies the set of (unstable) additive operations Q n — >■ ft" 1 wii/i i/ie subset o/HoniL(L[b],L(g)zQ)(m-n); 
corresponding to exactly those linear combinations S of the Landweber-Novikov operations which satisfy 
the integrality conditions: S(n n ((F°°) xr )) C ft m ((P°°) xr ), for all r. 

Proof. It follows immediately from Theorems 3.19 and 5.1. □ 

If A* is a theory of rational type, and B* is any theory in the sense of Definition 2.1, then (unstable) 
operations A n — > B m can be described as follows. 



Theorem 6.2 Let A* be theory of rational type, and B* be any theory. Then there is 1-to-l correspon- 
dence betwee 
{G t ,leN}: 



G 

dence between the set of (unstable) operations A n — > B m and the set consisting of the following data 



Gi G Romz_ Hn (A n , B[[zi, zi}} {m) ) satisfying: 
(ai) Gi is symmetric with respect to &i; 

(an) Gi(a) = U l i=1 Zi ■ Fi{a), for some F t (a) G B[[z u .. . ,zj]]( m _j). 

(am) Gi(a)(x + B y,z 2 ,---, z { ) = Eij^i Gi+j+i-i(<* • a^)(x xt , y XJ , z 2 , ■ z t ), 
where af- are the coefficients of the FGL of A* . 

Proof. It follows immediately from Proposition 3.15, Theorem 5.1, and the discussion right after it. □ 

With any data {Gi, I G N} one can associate the data {Gi, I G N}, where Gi : A n ~ l — > B m ~ l is the 
constant term of the Fi : A n ~ l — > B[[zi, . . . , zi]]( m _iy We have: 

Proposition 6.3 If B has no torsion, then {Gi, I G N} carries the same information as {Gi, I G N}. 

Proof. Let Fi(a) = Yli ^ii(a)'z l . Let us prove by induction on the degree of i (simultaneously for 
all I) that h t j is determined by h r Q, for all r. Base is evident. Consider the equation (am). Let 

'z 1 = z] 1 ■ . . . ■ z\ l , where i\ ^ i 2 ^ • • • ^ i\ (by (a^), it is sufficient to treat this case). Using the fact that 
x +B U = x + y + higher terms, comparing coefficients at x ll yz % 2 2+1 ■ . . . ■ z 1 ^ 1 , we get that i\ ■ h l ^(a) 
is expressible in terms of h r j( something), for \j\ < \i\, and all r. Since B has no torsion, h t j(a) is 
determined by these smaller terms. □ 

Corollary 6.4 Let A* be a theory satisfying (CONST), and B* be any theory in the sense of Definition 
2.1 with B torsion-free. Then an additive (unstable) operation A n — > B m is determined by it's action on 
the image of (ji)*, for all I, where j\ : Spec(k) — > (F 1 ) 1 is an embedding of a rational point. 

Proof: This follows from Propositions 3.15 and 6.3. □ 

The following example shows that if B has torsion, then {Gi, I G N} does not determine {Gi, I G N}. 

Example 6.5 Consider A* = B* = CH* /p, p-prime. Then Fb(x, y) = x + y is additive, and A n ~ l = 0, 
for I 7^ n. Thus, Gi = 0, for I 7^ n, and the only conditions on G n are: symmetry and additivity. 
Thus, G n (zi, . . . ,z n ) is an arbitrary symmetric polynomial with Z/^p- coefficients of degree m containing 
monomials where each zi enters in degree p Ti , where ri ^ 0. And G n is the coefficient at z\ ■ . . . ■ z n (so, 
it is zero if n / m, and an element ofLjp, if n = m). Of course, it does not determine G n . 
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In the case of Chow groups modulo p we can describe all the operations explicitly. These appear to 
be essentially stable, and so expressible in term of Steenrod operations (defined by V.Voevodsky [22] and 
P.Brosnan [3]). 

Theorem 6.6 Any additive operation CH™ jp — > CH m jp extends uniquely to a stable operation. The ¥ p - 

vector space of stable operations has a basis consisting of Steenrod operations S k , where k = (k\, . . . , A; s ) 
is a partition with hi = p Tl — 1, ri ^ 0. 

Proof. In the example 6.5 we saw that any additive operation CH n jp —> CH m /p is determined by some 
symmetric polynomial F n (zi, . . . , z n ) of degree (m — n), where each variable Zi enters in degree p r% — 1, 
for some rj ^ 0. The value of G on the class x n = Yi7=i hi G CH n ((P°°) xn ) is equal to x n ■ F n (hi, . . . , h n ), 
which coincides with the value of the (stable!) Steenrod operation S . Since CH n -'(Spec(A;))/p = 0, 
for I / n, these two operations CH n jp — )■ CH m /p coincide on Smk, by Proposition 3.15, and the 
same considerations imply uniqueness of stable extension. Clearly, the F p -vector space of mentioned 
polynomials F n has a basis consisting of the symmetrizations of monomials corresponding to partitions 
as above. □ 

Remark 6.7 In particular, Theorem 6.6 provides another construction of Steenrod operations in Chow 
groups. 

6.2 Multiplicative operations between theories of rational type 

The following result reduces the study of multiplicative operations on theories of rational type to the 
study of morphisms of FGLs (recall, that such theories are in 1-to-l correspondence with FGLs). 

Theorem 6.8 Let A* be theory of rational type, and B* be any theory in the sense of Definition 2.1. The 
assignment G <H- (<Pg,Jg) defines a 1-to-l correspondence between the multiplicative operations A* — > B* 
and the homomorphisms (A, Fa) — > (B,Fb) of the respective formal group laws. 

Proof. Any multiplicative operation G defines the homomorphism ((Pq,jq) : (A, Fa) — > (B, Fb) of FGLs. 

On the other hand, any homomorphism (99,7) defines the transformation A* ((P°°) xr ) — > B* ((P°°) xr ) by 
the rule: 

H{f{zt • • • , zf)) := ^f)d(zf), 7^)), 

where f £ A[[zf~,. . . , z^}] = A*((F 00 ) xr ). Clearly, this transformation commutes with the pull-backs for 
the action of &i, and for partial diagonals. As for partial Segre embeddings, let Seg = (Segre x id x( - r ^ 1 ^). 
Then we have: 

Seg*f(zt ...,z?) = f(F A (x A , y A ), z A , z A ), while 
SegWfX-rizi), ^r)) = V (f){l(FB(x B ,y B ))Mz%), • • • , l{z B )). 

Since (f(FA)( , y(x B ),^/(y B )) = j(Fb (x B , y B )), we get that our transformation commutes with the pull- 

backs for Segre embeddings as well. Thus, it extends to a unique operation A* — > B*. Since our 
transformation on (p°°) xr commutes with the external products of projective spaces, it follows from 
Proposition 5.17 that the resulting operation will be multiplicative. It follows from Proposition 3.15 that 
the above two assignments are inverse to each other. □ 

Consider now the case where A* = $7*. We can extend the Theorem 3.8. 
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Theorem 6.9 Let B* be any theory in the sense of Definition 2.1, and bo £ B be not a zero-divisor. Let 

7 = box + b\x 2 + b2X 3 + ... £ Then there exists a multiplicative operation ft* —> B* with 7g = 7 

if and only if the shifted FGL Fg G B[b^ y]] has coefficients in B (that is, has no denominators). 
In this case, such an operation is unique. 

Proof. Since ipg(Fq)('j(x b ), r y{y B )) = "/(Fb(x b , y B )), and <pg{F u ) has coefficients in B, the above con- 
dition is necessary. On the other hand, if 7(.Fb(7~ 1 (u), 7 -1 (v ))) has coefficients in B, by universality of 
the FGL (L, Fq), we get a ring homomorphism L 4 5 such that <p(Fn) = Fg, and we get a morphism 
of FGLs which provides the needed operation by Theorem 6.8. □ 

The above two results provide an effective tool in constructing multiplicative operations. We will 
use them below to construct Integral Adams Operations and T.tom Dieck - style Steenrod operations in 
Algebraic Cobordism. 

Let us describe the morphisms of FGLs (and so, the multiplicative operations between the respective 
theories) in some situations. 

For r > 1, denote: d(r) := G.C.D.(Q , < i < r). Then 




p, if r = p k , for some k; 
1, otherwise. 



Lemma 6.10 Let (v?g>7g) : {A, Fa) — > (B,Fb) be a morphism of FGLs. Then either bo / 0, or the 
first non-zero coefficient 6 r _i of 7g satisfies: d(r) ■ b r -\ = 0. 

Proof. Suppose, 60 = 0, and 6 r _i is the first non-zero coefficient of 70 From the equality: 

<PG{FA){lG{x),lG(y)) = lG{F B {x,y)), 

we get: b r ^\x r + b r -\y r + higher terms = 6 r _i(x + y) r + higher terms, which implies that d(r) ■ 6 r _i = 0. 

□ 

Suppose, now B is an integral domain. Then the characteristic char(B) is either a prime p, or 0. 

1) char(B) = 0: 

Corollary 6.11 Let A* and B* be any theories in the sense of Definition 2.1 with torsion-free B, and 

Q _ 

A* — >■ B* be a multiplicative operation. Then either 7g = 0, or bo 7^ 0. □ 

We will call operations with 60 7^ - operations of the main type. The respective 7 will also be called 
of the main type. 

2) char(B) = p: 

Let B* be a theory, where B is a ring of characteristic p. We can obtain a new theory Fr(B)* from B* 

Ft 

by the change of coefficients: B — > B. In particular, i ? F r (B) = Fr(Fs)- We have natural multiplicative 
operation: Fr : Fr(B)* — >■ B* defined by: Fr(u (3 b) = u p ■ b. The respective morphism of formal group 

laws will be: (id,x p ). 
G 

Let A* — > B* be a multiplicative operation, and (95,7) : (A, Fa) —> (B,Fb) be a morphism of FGLs, 
such that 7 = b r ^\x r + . . ., and 6 r _i / 0. Then it follows from Lemma 6.10, that r = p k , for some k ^ 0. 

k 

Lemma 6.12 In the above situation, j(x) = 5(x p ), for some 5 G B[[y]] with 5q 7^ 0. 
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Proof: We need to show that degrees of all non-zero terms of 7 are divisible by p k . From the contrary, 
let be the smallest coefficient with p k \ s. Then looking at the degree s component of the equality: 
ip(F A )('j(x),^(y)) = j(F B (x,y)), we get: 6 s _ix s +6 s _iy s = b s -i{x+y) s , which implies that d(s)-b s - 1 = 0. 
But since p \ s, and B has characteristic p, this implies that 6 s _i = 0. □ 

Thus, any such morphism (<p, 7) of FGLs can be presented as the composition 

(A,F A )^(B,F Ftk{B) )^%(B,F B ). 

Return now to the situation where A* is a theory of rational type. Then the morphism (92, 5) of formal 

group laws defines a multiplicative operation A* Fi k (B)*, and we get that G = Fr o H, where H is 
an operation of the main type. 

Combining Theorem 6.9 with the above considerations, we get: 

Theorem 6.13 Let B* be any theory in the sense of Definition 2.1 with B - an integral domain. Then: 

1) If char(B) = 0, then the assignment G 1— > 7^ provides a 1-to-l correspondence between multi- 

G 

plicative operations Q* — > B* and such 7 = b^x + . . . € that either 7 = 0, or bo ^ and 

Fg € B\pQ y]] has coefficients in B. 

~ k 

2) If char(B) = p, then the assignment G >->■ (k,^n), where G = Fr o H, with H of the main 

G 

type, provides a 1-to-l correspondence between multiplicative operations S7* — > B* and the pairs 
(k, 7), where either (A;, 7) = (00, 0), or € 2^0; an d 7 = box + ... G has bo 7^ 0, and 

(Fr fc (F B ))T G B^o 1 ]^,?/]] /ias coefficients in B. 

One can compose the morphisms of FGLs. Moreover, if ((/?, 7) and ((p, f3) have common homomorphism 
of coefficient rings, we can also "add" such morphisms of FGLs (just as one can add morphisms into an 
abelian group). Namely, we can set: (ip,(3) + (ip, 7) = (<p,6), where S(x) = (p{Fa){P{x),^(x)). 

In particular, if A* is a theory of rational type, and there exists only one endomorphism A A, 

G 

then the set of multiplicative operations A* — > A* has a natural ring structure with multiplication = the 
composition, and addition as above. This happens for Chow groups, and for Kq. In the case of CH* /p, 
we get: 

Theorem 6.14 The ring of multiplicative operations CH* jp — > CH* jp is Z/p[[Fr]]. In particular, the 
composition is commutative. 

Proof. Since there is only one ring homomorphism Z/p — > Z/p, the multiplicative operations CH* jp — >■ 
CH* jp are in 1-to-l correspondence with the additive power series 7(2;) = J2 r b p r-\x pr . Moreover, 
Fr(CH /p)* = CH* /p, and Fr : CH* jp — > CH* jp is given by the power series x v . The composition of 
operations corresponds to the composition of 7's, and addition is the usual addition of 7's. Thus, our 
ring can be naturally identified with Z/p[[Fr]]. □ 

Under the identification above, the total Steenrod operation St To * = id + S 1 + S 2 + . . . corresponds 
to 1 + Fr, and the Integral Adams Operation ^ (see below) corresponds to k. In particular, ^0 which 
is identity on CH° and zero on CH*, i > corresponds to 0. 
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6.3 Integral Adams Operations 

Adams operations provide an important tool in studying iT-groups. In topology, analogous opera- 
tions were constructed by S.P.Novikov for complex-oriented cobordisms MU in [10]. This construction 
required inverting k, since ^>k were basically expressed in terms of Landweber-Novikov operations, and 
the respective formulas do have ^-denominators. Only much later it was shown by W.S.Wilson that 
these operations can be defined integrally and are naturally multiplicative unstable operations - see [24, 
Theorem 11.53]. Using our main results we can construct similar operations in Algebraic Cobordism and 
all other theories of rational type (it is worth noting, that although we produce a similar object, our 
methods have nothing to do with the methods of Wilson) . 

Theorem 6.15 For any theory of rational type A* , there are multiplicative (unstable) A-linear operations 
'■ A* — > A* , k G Z ; such that r y^ k = [k] -a x. 
In the case of Kq these are usual Adams operations. 

Proof. Consider = [k] -a x. Since (id, 7^), is an endomorphism of FGL (A, Fa), by Theorem 6.8, we 
get a multiplicative operation ^ : A* — >■ A* with such 7. □ 

As the above operations are A-linear they can be obtained from the ones in Algebraic Cobordism by 
change of coefficients. 

The set of Adams operations has common homomorphism of coefficient rings equal to the identity, and 
so form a ring R^^a- Clearly, Vl/^ is just the image of k under the canonical surjective ring homomorphism 
Z -» Rfy^A- The operation ^0 can be described as follows: it acts as id on constant elements, and as zero 
on A . Thus, it is responsible for the decomposition which we used throughout the paper. 

Adams operations can be used in the study of the graded Algebraic Cobordism (see [8, Subsection 
4.5.2]). Being operations, they respect the codimension of support of an element: ^k(F^Q*(X)) C 
F^n*(X), and so act on the graded ring Gr*Sl*(X). We have the natural surjection: 

CH* ® Z L* -» Gr*n*, 

which commutes with the action of ^ (recall, that these operations are L-linear). Thus, ^k\Gr n n* is 

the multiplication by k n . Suppose now, X — > Y is a morphism of smooth varieties. Then we get the 
morphism of the respective nitrations: /* : F( n )fT(Y) — Y F^Q*(X). This provides the spectral sequence 
computing Ker and Coker of /*: 

E P,g,n ^ jp,^* . Qq( Y) n q (X)), 

where E p 2 ' q ' n = H?(Gr(/)* : Gr n Q."{Y) -> Gr n Q.i{X)), p = 0,1, and d r : E?' q ' n -> E l r ' q ' n+r ~ l . Adams 
operations permit to estimate the exponent of d r . Denote: e(n, r) = G. C. D.(/c n (fc r ~ 1 — 1), k G Z). 

Proposition 6.16 e(n, r) ■ d r \ E o, q ,n = 0. 

Proof. Since the Adams operation respects the filtration, it acts on the spectral sequence. Then must 
act as multiplication by k n on Ep q ' n . Since d r : E°' q ' n — )■ E 1 ' q ' n+r ~ 1 , we get that, for any k, k n (k r ~ 1 — 1) 
multiplied by such d r is zero. □ 

It is easy to see that e(0, r) = 1, and e(n,2s) = 2, for all n, s ^ 1. And prime factors of e(n, r) are 
exactly those p for which (p — l)|(r — 1). In particular, these do not depend on n. But the powers of 
these primes do. Thus, the "unstable information" is concentrated in these powers. 

In particular, the above considerations apply to the extension of fields morphism. 
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6.4 Symmetric Operations for all primes, and T.tom Dieck - style Steenrod opera- 
tions 



These topics represent the main content of the paper [21]. Here we just present briefly the main results 
and ideas. The construction of Symmetric Operations for all primes was the main motivation behind the 
current paper. For about 5 years the author tried to construct them, until he realized that it is about 
as simple as constructing all unstable operations in Algebraic Cobordism. But let me start with the 
Steenrod operations. 

Steenrod operations provide an important structure on CH* jp which permits to do more elaborate 
tricks with algebraic cycles than the usual addition and multiplication. Individual Steenrod operations 
can be organized into "larger" multiplicative operations. One of the possible approaches is to consider 
the multiplicative operation: St : CH* jp — » CH* /p[[t]] given by the morphism of FGLs (see Theorem 
6.8): (93,7), where 99 : Z/p — >■ Z/p[[t]] is the natural embedding (the unique morphism of rings), and 
7 = —t p ~ 1 x + x p (notice, that our 7 is additive in x). Then the individual Steenrod operation S^ch™ lp 
will be the coefficient of <S|cH m i p at t( Tn-r )(p~ 1 ). At the first glance it looks like we complicate things by 
making our operation unstable (the coefficient at x is not 1), but it appears to be convenient in various 
respects. 

The original approach to Steenrod operations in Chow groups due to P.Brosnan (see [3]) is through 
Z/p-equivariant Chow groups. In this construction, one produces the multiplicative operation Sq : 
CR*(X)/p -»• CH*(A)/p<g> z/p CH*(BZ/p)/p. We have CH*(BZ/p)/p = Z/p[[t}], and one can show (see 
[3]) that the only non-trivial coefficients of Sq will be at i r ( p_1 ), r ^ 0. The fact that the two constructions 
agree follows from Theorem 6.8 (the morphism of FGLs for Sq is easy to compute). 

All of the above was known in topology for quite a while. And both mentioned constructions were 
extended to complex-oriented cobordism MU. The equivariant version is due to T. torn Dieck ([16]), and 
it goes completely parallel to the H*/p (and CH* jp) case. Here MU*(XxBZ/p) = MU*(X)[[t]]/(\p]- M u 
(t)), and one gets a multiplicative operation 

Sq : MU*(X) -> MU*(X x BZ/p) -»■ MU*(X)[[t]}/( [p] - M t u(t) ). 

The other version is due to D.Quillen ([14]). One observes that 
— t p ~ 1 x + x p = YVi=o( x + ^) {modp). Now we can produce an M[/-analogue of this power series: 
7 = n?=o ( x +mu [i] 'MU t) £ L[[t]][[x]], which by universality of MU* defines the multiplicative operation: 

St : MU* -> MLHMHt- 1 ]^ " 1 V-~ 1 }- 

Notice, that this time, we have to invert t and (p — 1)!, since the shifted formal group law F MU ^ has 

denominators. Also, St has non-trivial coefficients at P , for j not divisible by (p — 1). It was shown by 
D.Quillen that his approach agrees with the one of T. Tom Dieck. More precisely, one has the following 
commutative diagram: 

MU* ^ MU* [[*]] [t- 1 ] [(p - 1) I- 1 ] 

MU*[[t]]/(M^l ) ^MU*[[t]][t- 1 ]/([p] - MU (t)). 

Let us try to extend these constructions to the case of Algebraic Cobordism 0*. The Quillen's version 
is completely straightforward. Here one needs only the universality of 0* supplied by M.Levine-F. Morel 
([8, Theorem 1.2.6]) and the change of orientation of I.Panin-A.Smirnov ([12]). Let us do a more general 
case (suggested by D.Quillen). Namely, chose representatives {ij, < j < p} of all non-zero cosets modulo 
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p, and denote i := Y\^=l ij- Then we can consider the power series 7 = rij=o( x +^ fe] ^ MMHM]' 
which, by Theorem 3.8, defines the multiplicative operation 

St® : ft* 

The situation with the version of T.tom Dieck is rather different. Although one can easily define the 
Z/p-equivariant Algebraic Cobordism Q^ p (X), one encounters problems trying to prove that the natural 
map fl n (X) — > fl^j p (X xp ) is well-defined. It is easy to show that the standard cobordism relations are 
respected, but the author was unable to handle the double-points relations. The only case where the 
author succeeded was p = 2, where he had to employ the Symmetric Operations (modulo 2) constructed 
in [17], [19]. These operations, which are more subtle than the Steenrod ones, until now were unavailable 
for p > 2. 

Hopefully, our Theorem 6.8 permits to construct what we need. 
Theorem 6.17 ([21]) There is the multiplicative operation Sq which fits into the commutative diagram: 

n* — — - n* [[t}\ [t- 1 ] [r 1 ] 

n'Ml/C^) — n*[[*]][* _1 ]/(lp] -n (*))■ 

Notice, that Sq is a bit more "canonical" than St - it does not depend on i. 

Now, since the target of Sq has no negative powers of t, the commutativity of the above diagram 
shows that the negative part of St(i) is divisible by J£^0*. I should point out that this fact itself does not 
require the above Theorem, or the methods of the current paper. But what is much deeper, it appears 
that one can divide " canonically" , and the quotient is what we call Symmetric operation. 

Theorem 6.18 ([21]) There is an operation $(z) : ft* — s> ft*[i _1 ][i -1 ] such that 

Some traces of the M [/-analogue of this operation were used by D.Quillen in [14], and they provide 
the main tool of the mentioned article. 

In Algebraic Cobordism the described operation appeared originally in the works [17] and [19] of the 
author in the case p = 2 in a different form. Namely, in the form of "slices", which were constructed 
geometrically. Only substantially later the author had realized that these slices can be combined into 
the "formal half of the "negative part" of some multiplicative operation, which had a power series 
7 = x ■ (x +n t) reminiscent of a Steenrod operation in Chow groups mod 2. How to view the operation 
$(i)? The natural approach would be to consider the coefficients of it at particular monomials t~ n , or, 
in other words, Rest = o * iMlV* , And, if one thinks about it, there is no point restricting yourself to 
monomials, so one can consider 

*(i)«<*> :=Res ^)-*(^ 
w t=o t 

where q(t) = q\t + q^i 2 + ■ ■ ■ G L[[t]] is any power series without the constant term. Of course, there are 
various relations among these slices which bind them together into something "larger" - the operation 
$(i). For p = 2, these are exactly the Symmetric operations of [19]: 

Proposition 6.19 ([21]) In the case p = 2, with i = {—1}, for any power series as above, we have: 
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Notice, that for p = 2, there is, in addition, a non-additive operation (see [19]). At the moment, 
we can not produce it's analogues for p > 2 as our methods so far are restricted to additive operations 
only. Hopefully, additive Symmetric Operations are sufficient for most applications. 

The cases p = 2 and 3 are special, since we can choose our representatives i to be invertible in Z. 
For p = 2, we have two such choices: {1}, or {—1} (in [19], {—1} was "chosen"). For p = 3, the choice 
is canonical: {1,-1}. Thus, we get integral operations 3>(i) : £1* — > fJ*[i -1 ]. And, for arbitrary p, we 
can choose our remainders to be the powers of some fixed prime I (generating (Z/p)*), so that only one 
prime would be inverted. Moreover, this prime can be chosen in infinitely many ways, so, in a sense, the 
picture is as good as integral. 

For p = 2 the Symmetric operations were applied to the study of 2-torsion effects in Chow groups 
- they provide the only known method to get "clean results" on rationality - see [18] and [20]. And 
similar applications are expected for other primes. Other applications involve the study of the structure 
of the L-module GrCl*(X). Here the construction of Symmetric Operations for all primes changes the 
statements <8>Z( 2 ) into integral ones. 

7 Basic tools 

Here we present various results which permit to work effectively with cohomology theories. 
7.1 Projective bundle and blow-up results 

We start with the excess intersection formula - see [19, Theorem 5.19] and [8, Theorem 6.6.9]. Consider 
cartesian square 

W Z 

9 

Y ► X 

f 

with /, /' - regular embeddings, and (g')* '{My c x) / '-Nw cz ='■ M. the vector bundle of dimension d. 
Proposition 7.1 Let A* be any theory in the sense of Definition 2.1. In the above situation, 

9*Mv) = fi(ci(M)-( 9 r(v)); 

If g is projective, then also: 

tg*(u) = g'A4{M)-(fy(u)). 

Proof. Both of the above references are dealing with the f2*-case. Although, the statement of [8, Theorem 
6.6.9] is more general, it requires the development of the whole theory of refined pull-backs. For Algebraic 
Cobordism such a theory is constructed in [8], but it requires some work to extend it to a more general 
context. In contrast, the proof of [19, Theorem 5.19] does not use any specifics of ST and works in general. 
□ 



Another important tool is the formula of Quillen - see [13, Theorem 1], [12, Formula (24)], and [19, 
Theorem 5.35]. It describes push- forwards for projective bundles. 

Recall that, for an n-dimensional vector bundle V, the roots are elements Aj G A 1 (Flagx(V)),i = 
1, . . . n such that IlT=i(* + = Y27=o cf(V)t n ~ l , where FlagxiV) is a variety of complete flags of V, 
and cf(V) are Chern classes in the theory A*. The important point here is that the pull-back map 
A*(X) -> A* (FlagxiV)) is split injective. 
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Recall also that uja £ -A [[a:]] da; is the canonical invariant 1-form satisfying: wa(0) = dx. Such a form 

can be obtained from the formal group law Fa(x,v) of A* by the formula: uja = (j§jp\y=o^ dx. By 
the formula of Mistchenko it can be expressed as: 

([F°] A + [F 1 ] A -x + [F 2 } A -x 2 + ...)dx, 

where [F r ] A is the class of P r in A*(Spec(/c)) = A. 

Proposition 7.2 Let A* be any theory in the sense of Definition 2.1. Let X be some smooth quasi- 
projective variety, V be some n-dimensional vector bundle on it, and ir : Fx(V) — > X be the corresponding 
projective bundle. Let f(t) € A*(X)[[t}}, and £ = cf (0(1)). Then 

Mf(O) = Res- m ^ A 



t= Hit+AXiY 

where Aj are roots ofV, and +a is the formal addition in the sense of Fa- 

Proof. Clearly, both parts of the formula are A*(X)-linear, so it is sufficient to prove the result in the 
case: f(t) = t r - a monomial. Then it formally follows from the fT-case proven in [19, Theorem 5.35] 
(using the universality of 0* - [8, Theorem 1.2.6]). □ 



We will need various results concerning the blow up morphism. 

Let X be smooth variety, R it's smooth closed subvariety, X = BIx,r - the blow up of X at R, and 
E - the exceptional divisor on X. These fit into the blow-up diagram: 

E^X 

•I I- 

R^X. 

i 

Let M be the normal bundle of R in X, then E = F R {M). Let d = dim(Af) = codim( J R C X). Denote 

Kf = M © 0(1), and E = F R {Kf) 4 R. 

The following result of M.Levine and F. Morel describes the class of the blow up in the A* of the base. 

Proposition 7.3 ([8, Proposition 2.5.2]) Let A* be any theory in the sense of Definition 2.1. Then 

*«-'+«*(;»)■ 

In particular, the above class is invertible. More generally, we have: 

Proposition 7.4 Let A* be any theory in the sense of Definition 2.1, and ir : X — > X be projective 
bi-rational morphism of smooth varieties. Then 

(1) 7r*(l) is invertible in A*(X). 

(2) 7T* : A*(X) — > A*(X) is surjective. 
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Proof: By universality of £1* ([8, Theorem 1.2.6]), we have the canonical map of theories £1* — > A*, and 
7r*(l) is in the image of this map. So, it is sufficient to treat the case A* = Q*. Since it is bi-rational, 
we have a closed subscheme Z C X of positive codimension, such that it is an isomorphism outside Z. 
Then 7r*(l) = 1 + it, where u is supported on Z. That means that u has positive codimension of support, 
and so is nilpotent by [19, Statement 5.2]. Hence, 7r*(l) is invertible. It remains to apply the projection 
formula. □ 

The following result describes what happens to the whole A* when you blow up some smooth variety 
at a smooth center. 

Proposition 7.5 (cf.[19, Proposition 5.24]) Let A* be any theory in the sense of Definition 2.1. Then 
we have split exact sequences: 



Proof. In the case A* = fi*, (1) was proven in [19, Proposition 5.24], and the same proof works for 
arbitrary A*. Let us recall some details. Let K, = e*N /0{— 1) be the excess bundle on E. It is easy to 
see (see [19, Proposition 5.22]) that the class of the diagonal on E Xr E is given by c^_ 1 (/Ci <8> 0(1)2), 
where V; denotes the bundle V lifted from the l-th component. This class can be written as c^_ 1 (/C) x 
1 + Yli^ild-i-i x C) where jj G A^{E) are some elements, and ( = cf(0(— 1)). Let us introduce the 
elements a := c^/C) G A*(E), and (3 := e* ( p£§r% ) G Then for any u G A*(£), we have: 




(1) 









Consider the maps F : A*(£) -> A m (E) and G : A* (£7) ->• A*(E) given by: 



G{u 



) 



j>0 



Consider the diagram: 



E x R E^E x r E 



p 



E 




E 



R. 



s 
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Let E A E be the natural embedding. Then e*(l) = (0(1)). We get: 

'cl 1 (/C 1 ^0(l) 2 )-cl 1 (/C 1 )\ 



^(1) = (Pi)* 



^(0("1)2) 

) 2 ; 



= ^ f (cl^/d ® 0(1) 2 ) - cl^/d)) • j^Hllf 



c^(o(-i) 2 )y a — ' ^ W(o(-i)) 

= Res _ 4 ^ . £% (jWV) 

*=o c*(Af)(t) ■ (-At) \cf(0(-l))J 

= Res -. — a - e*(B) = —a ■ e*(B). 

Now we can construct contracting homotopies A and for (1) and (2): 

d,2 M2 



A* (E) ~ A, (X) A* (E) ~ A* (X) 

4 \ A 2 f \ f \ ""^2 f \ 

Ai i r * A4 l r di ( r « H r 

A*(R)^ A*(X), A*(R)Z~* A*(X), 

A3 d-j, 

in the following way: A4 = tt*; A3 = 8 ■ i* , Ai = a • e*; and A 2 = F o j*, while fj,± = ir*; (13 = i*(B ■ ), 
/ii = e*(a • ); and 2 = j* o G. 

Prom the equality F(l) = —a ■ e*(B) (using several times the projection formula) one easily obtains 
the left ones of the following identities: 

A 2 o A 4 = — Ai o A 3 ; d 2 o Ai = -A4 o d 3 ; (5) 

04 02 = — A*3 A*i5 Hi d 2 = -d 3 o fi 4 , (6) 

while the right ones are the Excess Intersection Formula (Proposition 7.1). The identity: CZ30A3+C/40A4 = 
idA*(x) is j us t the Proposition 7.3 (plus the projection formula). The identity: d\ o Ai + A3 o d 3 = id A ^(R) 
follows from the Excess Intersection Formula and Proposition 7.3. The identity: Ai od\ + X 2 od 2 = id^E) 
follows from the definition of F. Finally, the identity: d 2 o A 2 + A4 o d^ = id^ ^ follows from the ones 

already proven, plus (5), plus the fact that the map (j'*,vr*) : A*(E) © A m (X) — > A*(X) is surjective, 
which follows from the (EX CI) axiom (see the proof of [19, Proposition 5.24]). 

The identity: 03 o <i 3 + 04 o d^ = id a* fx) follows from Proposition 7.3, and the projection formula. 
The identity: 01 o d\ + d 2 o 2 = idA*(R) follows from the Excess Intersection Formula and Proposition 
7.3. The identity: d\ o fx ± + <i 2 o 2 = id A *(E) follows from the definition of G. Finally, the identity: 
fx 2 o d 2 + c?4 o /i 4 = 2^4*^-) follows the ones already proven, plus (6), plus the fact that the map (j*, 7r*) : 

A*(X) — >■ A* (£7) © A*(X) is injective, which follows from the fact that A is a contracting homotopy for 
the complex (1). □ 



Proposition 7.6 Let A* be any generalized oriented cohomology theory in the sense of Definition 2.1, 
and n : V — > V be the permitted blow up of a smooth variety with smooth centers Ri and the respective 
components of the exceptional divisor E{ -A Ri. Then one has exact sequences: 

(1) <- A*(V) A*(V) <— ffi, Ker(A,(^) ( '4* A,(R,)). 
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(2) -> A*(V) -A A*(V) — )■ Coker(A*(J^) ( 4* A*(£;)) 

Proof: The Proposition 7.5 settles the case where 7r is a single blow up. Let us use induction on the 
number of blowings. Suppose, V is the result of n blowings, and Y is the result of (n — 1) (first) of them. 
Then p : V — >■ Y is a single blow up with the center R. Let Fj, i = 1, . . . , n — 1 be the components of 
the exceptional divisor of Y, and E^ % = 1, . . . , n — 1 be there proper preimages under p, and E be the 
exceptional divisor of p. By inductive assumption and Proposition 7.5, we have exact sequences: 

<- A+(V) A*(Y) <— ©"J, 1 Ker(A*(F,) H* A*(R t )); 

-> A*(F) ^> A*(y) — > Coker(A*(i?;) ( "4* A*^)); 
<- A*(Y) ^ A*(y) <— Ker(A*(£) ^ A*(E)); 
-> A*(Y) A A*(F) — >• Coker(A*(i?) 4 A*(£)). 
Taking into account that the maps: 

Ker(A*(Fj) -> A*(Ri)) «- Ker(A*(^) -> A*(Ri)); 
Coker(A*(Ri) -> A*(Fj)) Coker(A*(.R i ) -)■ A*(^)) 

are surjective and injective, respectively, we get the needed exact sequences: 

<- A*(F) <- A*(F) <- Ker(A*(£') -)■ A, (12)) © (©^ Ker(A,(^) -)■ A*(i^))) . 

-> A*(y) -)■ A*(F) -> Coker(A*( J R) -> A*(£)) © (©^ Coker(A*(i?;) -> A* (£;))) . 

□ 

The following "singular" variant of the above result permits to present A*(Z) in terms of A* of finitely 
many smooth varieties. 

Proposition 7.7 Let Z be a variety, and Z —> Z be the blow up with centers R4 and exceptional divisors 
E{. Then we have an exact sequence: 

<- a*{z) <— (a*(z) © (®iMRi)j) <— ®iM E i)- 

Proof: 

Lemma 7.8 Let tt : V —¥ V be projective birational map of smooth varieties, which is an isomorphism 
outside the closed subvariety T — > V, and such that W = 7r~ 1 (T) is a divisor with strict normal crossing 
with components Ei. Then we have an exact sequence: 

<- A*(V) ^ A*(F) <— ffii Ker(A*(^) -> A*(T)). 

Proof: Let 7r' : V' — > V be the permitted blow up with centers over T resolving T to a divisor W' with 
strict normal crossing (Theorem 8.4). Let Ej be the components of W', and R'j be the respective smooth 
centers. Then, by Proposition 7.6, we have an exact sequence: 

<- A*(V) ^ A*(V') ffijKer(A*(^) -> A*(J^)). 

Since the map A^(y')/(ffiiKer(A^ (^) -»• A*(J^))) -»• A*(V) clearly factors through A* (V"') / (ffij Ker (A* (E'A 
A*(T))), we have the statement for V"'. Let us denote 5(F) := Coker (ffi; Ker(A*(£i) ->■ A*(T)) -> A*(vfj . 
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We have a natural surjective map B(V) -» A*(V). Since V and V' are isomorphic outside W and W, 
by the Weak Factorization Theorem (Theorem 8.6(6)), we have a diagram: 

Yi y 3 y n _ 2 Y n 

„ / \ / \ xx>/\^ 

*2 y 4 ... ^-3 y t -i V", 

where all l^'s are projective either over V', or V, and all the maps are blowings up/down w.r.to smooth 
centers which belong to exceptional divisor, and meet all of it's components properly. In particular, 
each Yi has a natural map to V, which is an isomorphism outside T, and the preimage of T is the 
exceptional divisor (with normal crossing) on Y^. Since the maps y 2n -i — > Y2 n < — ^2n+i are blowings 
up/down with centers belonging to an exceptional divisor, we see (using Proposition 7.6) that the maps 
B(Y2 n -i) — > B(Y2n) l?(y 2n+ i) are isomorphisms. Clearly, these identifications are compatible with the 
maps B{Yi) — >• A*(V). Since the map B(V') — >• A m (V) is an isomorphism, so is the map B(V) — >■ A m (V). 
□ 

Lemma 7.9 Let Z Z be a projective map of varieties, which is an isomorphism outside the closed 
subvariety R — > Z with the preimage E = ir~ l (R). Then one has an exact sequence: 

<- A*(Z) (A*(Z) © A* (12)) <— A*(E). 

Proof: The fact that it is a complex is evident. 
Let us construct the map 

M z ) Coker ( A *( E ) -> MZ) © ^*(-R)) 

inverse to our projection. Let v : V — > Z be some projective map with V smooth irreducible. If image 
of v is contained in R, then we get a natural map A m (V) — > -A*(l?) — > Coker (A«(-E) — >■ A*(Z) © A* (12)). 
Otherwise, we have a birational map V --■> which can be resolved by blowing smooth centers over 
v~ 1 {R). Then the exceptional set on V is the divisor with strict normal crossing W, which is mapped to 
E via v. Moreover, we can assume that W coincides with the preimage of R. If Fj are components of 
W, and Sj are the respective smooth centers, then by Lemma 7.8, 

<- A*(V) A*(V) <— ©j Ker(A*( F j) -> A^iT 1 ^)))- 

Since are mapped to E 1 , and w _1 (12) to 1?, the map (v)* : -A*(V) — > A*(Z) provides a well-defined map 
A*(V) ^ Coker (,4*(£) -> A*(Z) © A»(#)) . 

Let Vi,V2 be two resolutions as above, with the exceptional divisors W\ and W2. Then Vi\Wi = 
V\v~ 1 (R) = V2\W2- Hence, by the Weak Factorization Theorem (Theorem 8.6(6)), there exists a 
diagram: 

Yi Y 3 Y n _ 2 Y n 

„ / \ / \ X x >/ \^ 

vi y 2 y ... y n -3 y*-i u 2 , 

where all y's are projective either over V±, or V2, and all the maps are blowings up/down w.r.to smooth 
centers which belong to exceptional divisor, and meet all of it's components properly. In particular, each 
y has a natural map to Z, so that the preimage of E is the exceptional divisor. Using notations from 
the proof of Lemma 7.8, define B(Y$ := Coker((© j Ker(A*(Gj) ->• A^v^iR)))) -> A*(Y$), where Gj 
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are components of the exceptional divisor of Y^. Then we have a natural map B(Yi) — > Coker (A* — > 
A*(Z) (BA*(R)), which is compatible with the identifications: B{Y2n-i) = B{Y2n) = B{Y2n+i) (as in the 
proof of Lemma 7.8). This shows that the map A,{V) ^ Coker (a*(E) -> A*{Z) © A,(R)^j does not 
depend on the choice of the resolution V — >■ V. 

Let V\ — ^ V2 Z be some projective maps with Vi and V2 smooth, and v± = V2 o f. We can assume 
V\ and V2 irreducible. If the image{v2) C i?, then both maps and 9?„ 2 are passing through A*(R) and 
are clearly compatible with /*. So, we can assume that imagefo) <£ R- Let V2 — > V2 be the permitted 
blow up resolving indeterminacy of ir^ 1 o u 2 , and resolving w 2 " 1 (i?) to a divisor with normal crossing W2. 

If image(v\) C -R, then since the fibers of the projection V2 — > V2 are rational, we get a rational 

map Vi — > W2. Resolve the indeterminacies of this map: Vi ^- VI W 2 , which gives / : Vi — >■ V2. 
Since the map : A*(Vi) — > Ak(Vl) is surjective, and the compatibility of this map with i% 1 ,ip Vl is 
already known (the image is in R), we can substitute V\ by V\. Since W2 is mapped to E, we get that 
fv 2 ° /* = <Pv! : A*(Vi) ->• Coker (A*(£) -> A*(Z) © A*(i?)) . 

Finally, if image{y\) (£ R, then we get a rational map Vi V2 with indeterminacies only over 
v^ 1 (R) which can be resolved by Vi — > Vi making the premiage of i? the divisor with normal crossing 
W\. We get a map / : Vi — > V2. Then we can take v\ = V2 ° /, and so ^ 1 = 99„ 2 o 

Thus, we get a well-defined map: 

M z ) Coker (^*(£) -> ^*(^) © 

It is easy to see that it is inverse to the natural projection: 

A*(Z) A Coker (a*(E) -> A,(Z) © 

On the left: let v : V — > Z be some projective map with V smooth irreducible. There are two cases: 1) 
image(v) C R; 2) image(v) <f_ R. In both cases, the fact that ip o </?U*(v) is the identity is evident from 
the very definition. 

On the right: the fact that ip o ?/> is the identity on the A(-R)-component is evident. As for the A*(Z)- 
component, if we have some projective map v : V — > Z with the resolution p : V — > V of the closed 
subvariety v^ 1 (E), then the map <p v o ip\^(v) ^ s J us * v * '■ A*(V) — > Coker (a*(E) — > A 1r (Z) © A 1r (R)^ 

(since v o p factors through v). Thus, we get the identity map on the A*(Z)-component as well. Hence, 
our complex is exact. □ 

The Lemma 7.9 settles the case where tt is a single blow up. The rest is done by the induction on the 
number of blowings in the same way as the proof of Proposition 7.6. □ 

Remark: 1) In particular, this applies when Z — > Z is the resolution of Z as in Theorems 8.2,8.3, that 
is the permitted blow up with smooth centers which meet the components of the exceptional divisor 
properly, and resolves the singularities of Z, and then makes the special divisor the one with the strict 
normal crossing. In this case, all the varieties aside from Z participating in the formula are smooth, and 
we get the "finite" presentation of A m (Z) in terms of smooth varieties. 

2) The map A*{Z) — > A*(Z) is not surjective, in general, if Z is not smooth. Take, for example, Z - 
the cone over an anisotropic conic, and R - it's vertex. Then Z has no zero cycles of odd degree, while 
Z has a rational point. 

We will need the following Bertini-type result. 
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Proposition 7.10 Let X be smooth quasi-projective variety, and Z C X be a proper closed subvariety 
of it. Then there exists a divisor Y of X which contains Z, and is smooth outside Z, as well as in the 
generic points of the components of Z. 

7.2 Multiple points excess intersection formula 

In this subsection, A* is any theory in the sense of Definition 2.1. Our main aim here is to prove 
Proposition 7.21. This analogue of the usual Excess Intersection Formula, where regular embeddings 
(of smooth varieties) are substituted by strict normal crossing divisors, is a very useful computational 
tool. To state it, one needs to define the pull-back maps for such divisors. In the case of Algebraic 
Cobordism, or any theory obtained from it by the change of coefficients, this is just a (small) piece of the 
theory of refined pull-backs developed by M.Levine-F. Morel (following W.Fulton [4]) (and the Formula 
is contained in [8, Theorem 6.6.6(2) (a)]). But this piece is sufficient for almost all applications we need. 
The exception is Subsection 4.3, where the refined pull-backs of more general type appear, and where 
we have to restrict to theories of rational type (= free theories of M.Levine-F. Morel) as a result. Despite 
the fact that our main statements are valid only for theories of rational type, I decided to include the 
treatment of more general case in the places I could. This should be useful in studying analogues of our 
results for theories of higher types. Instead of trying to develop the whole theory of refined pull-backs, 
I made a short-cut and treated the strict normal crossing divisors only. This bit is much more explicit 
than the general case. The formulas we get are closely related to divisor class of [8], and most of the 
things we do, in the case of Algebraic Cobordism, should have their analogues in [8, Section 6]. 
We recall: 

Definition 7.11 ([8, Definition 3.1.4]) Let X be a smooth variety, and D = Ya=i h A be an effective 
Weil divisor on X. We call D a divisor with strict normal crossing, if for any J C {l,...,r}, the 
intersection scheme H^jDi is a smooth subvariety of X of codimension = #(</). 

Denote as \D\ A X the support (U[ =1 .Dj)red- By A*(D) we will always mean A*(|D|). In particular, 
it does not depend on the multiplicity of the components as long as one is positive. Recall, that we have 
an exact sequence: 

<- A*(D) «- ® i A it {D i ) <- © i?y A,(A n Dj). 

Thus, an element of A*(D) can be thought of as a collection of elements of -A*(Z?j) modulo some identi- 
fications. 

The strict normal crossing divisor has a divisor class [D] 6 A°(D) such that d* ([£)]) = cf{0{D)) € 
A 1 (X). Having Aj = cf (0(A)), the idea is to write [h] -p A Ai +f a [h] -f a M +f a + ■■■ +F A [l r ] ' F A K 
as Ylic{i r }(T[iei ^i) ' ^j 1 ' '"' !r (Ai,...,A r ), where F l I 1, "' ,lr is some power series in r variables with A- 
coefficients, and then define: 

Definition 7.12 ([8, Definition 3.1.5]) 

[D}:= (d/).(l)-^ 1, - , ' r (Ai,...,A r ), 

/C{l,...,r} 

where dj : Dj = Djg/A — > \D\ is the closed embedding. 

The result does not depend on how you "divide" the above formal sum into pieces, but there is some 
standard way. The convention is (see [8, Subsection 3.1]) to define F^'"' ' lr as the sum of those monomials 
which are made exactly of Aj, i £ I divided by the (Ilie/Ai). For our purposes, though, it will be 
convenient to be flexible in choosing F l I 1 '"' ,lr , so below it will be any collection of power series satisfying 
the above equation. 
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Definition 7.13 Having a divisor D = Yli=i h^i strict normal crossing on X , we can define the 
pull-back: 

d* : A*(X) ->• A*-i{D) 

by the formula 

d k (x) = (dl)*d* I (x)-F l I 1 >-> lr (\ 1 ,...,\ r ), 
/C{l,...,r} 

where dj : Dj — >■ X is the regular embedding of the I-th face of D. 

Notice, that such a pull-back clearly depends on the multiplicity of the components (in our nota- 
tions it is manifested only by the target). Also, since for I C J, for dj/j : Dj — > Dj, we have: 
{dj/i)*{X) = Tli£j\i ^ii the projection formula shows that it does not matter, how one chooses the 
ph,—,lr ^ n p ar ticular, one can choose these to be zero for #(I) > 1). 
Immediately from the definition, we obtain: 

Lemma 7.14 The composition d* o d* : A*(X) — > A* +1 (X) is the multiplication by cf(0(D)). 

□ 

Let w : W — >■ X x P 1 be a projective map, with W smooth, such that Wq = w~ l {X x 0) A- W and 

W\ = w~ 1 {X x 1) <—> W are divisors with strict normal crossing. Let W ^ X, Wi ^ X be natural 
maps. As a corollary of Lemma 7.14 we get: 

Proposition 7.15 In the above situation, (io)* o i^ = o i* in A*(W). In particular, (u>o)* o i^ = 
(toi)* o i\ 

Proof. Observe that O w (W ) 7r*(C P i(l)) CV(Wi). □ 
Let 

(7) 

/| J/ 

D^X. 

d 

d e 

be a Cartesian square, where X and Y are smooth and D — > X and E — > Y are divisors with strict 
normal crossing (closed codimension 1 subschemes given by principal ideals whose div is a strict normal 
crossing divisor). Then we can define: 

T ■ A*(D) -> A*{E) 

as follows. Suppose, D = Yli=\hDi, E = Ylj=i rn jEji where D- L and Ej are irreducible components; 
Xi = cf(C(A)), ^ = cf(0(^-)). and /*(A) = ZjPijEj. If P,L,M are matrices ( PiJ ), (/,), K), 
then we have: L ■ P = M. Notice, that if P ij ^ 0, for some i and j, then we have the natural map 
fjj : Ej — > Di, and so the map fj^ : Ej — > D, L , for any J 3 j. Assume that p^' 1 ''"' Pl ' s = o ; if Pi j = 0, 
for some j £ J (notice, that there are no monomials divisible by [ij in the J2f A \Pi,j] 'F A Hj, so any 
"reasonable" choice will do). 

Definition 7.16 Let x = Yli(di)*( x i)> f or some x\ € A*(Di). Define: 

i=l Jc{l,...,s} 

where we ignore the terms with the zero _pJ l ' 1 ' ,,, ' Pl ' s _ 
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Again, , since for I C J, for ej/j : Ej — > Ej, we have: (ej//)*(l) = YljeJ\i Pji the projection formula 
shows that it does not matter, how we choose the p 7 j l < l >-> Pl > s m Also, it is clear that we get a well-defined 
map in the case D - smooth irreducible (of multiplicity 1). Below we will show that it is well-defined, in 
general, but before that we will need to establish several important results. 

Lemma 7.17 There exist pj ll >---> ms £ A[[fj,i, . . . , /j, s ]], such that, for any cartesian diagram as above with 
D irreducible of multiplicity 1, one has formulas (the second one assuming that f is projective): 

f*d*(x)= Yl i<J)-ifjri.r;-r:r S/'i //,): 

JC{l,...,s} 

d*f*(y)= £ (fM(ejy(y)-Fr- ms (»i,---,»s)). 

JC{l,...,s} 

Proof. Consider the triple (W, V,E), where V — >■ W is a codimension 1 regular embedding of smooth 
varieties, and E = J2j=i m i ' Ej is a divisor with strict normal crossing on V. Suppose, our components 
are ordered by j. Let W W be the blow up variety Bly/^x of W at E\, R be its exceptional divisor, 
and V = V be a proper transform of V. Denote as E the divisor (mi — \)-E\ + Y2j=2 m j ' Ej on V (with 
the same ordering of the components). Let Ie, F e be the ideal sheaves of E and E in W and W. 
The following is a standard result about blow-ups. 

Lemma 7.18 We have: 
(i) 7T*(1 E )=1 E -1 R ; 

(ii) O w (V) = tt*O w (V) 0(1), and 0(l)\ v = O v (-E 1 ); 

(Hi) R = PExiJ 7 ), where T is an extension of Ow(V)\e 1 and Oy(E{), E\ = Pe 1 (£ > v(Fi)), and RriEi = 
E {1:i} C E x , fori > 1. 

□ 

Let us call the triple (W, V, E) - the derivative (W, V, E)W of the triple (W, V, E), and let (W, V, 0) 
be the last n-th derivative of (W, V, E), where n = (J2j=i m j)- Let rij = J2i=i m i- Let fij = c^(Ov(Ej)), 
r\ = Ci(0\y(V))- It follows from Lemma 7.18 that the components Rk, k = 1, . . . , n of the exceptional 
divisor R of the map W — > W are as follows: Rk, nj—i < k < rij are isomorphic to Pe^ (•?■&), where 
the roots of Tk are expressible in terms of m, I ^ j, and 77; R n . is the last derivative of P£!-(.F n -) in 

the triple: {P Ej (F nj ), E { f j \ Fj), where F 3 = £» =j + i rrii ■ F^jy In particular, we have the natural map 
Ek : Rk Fjt k \, where nj^)-i < k ^ n j(k)- Also, our exceptional divisor R is the one with strict normal 
crossing with all the components of multiplicity 1. 

Consider now the case W = Y x P 1 , V = Y x {0}, and E - our divisor with strict normal crossing 
(so, i] = 0). Let Aik = 0(l)k be the linear bundle of the k-th. blow up, and = cf(M.k)- Then it 
follows from the formulas of Quillen - Proposition 7.2 and Levine-Morel - Proposition 7.3 that for any 
g G A[[£i, . . . ,£„]], and any 1 ^ k ^ n, the element (e k )*(g{£,i, ■ ■ ■ , £„)) G A^-E^fc)) is expressible in 
terms of m,l = l,...,s and the coefficients of g. Let v = c^(C^(i?)), and ffe = c^(C^(iife)). Since 
= ^2 k A Vk-, and ^fc, k = 1, . . . , n are expressible in terms of A: = 1, . . . , n (and vise- versa), we can write 
v = Ylk=i v k ■0fc(£i ) • • • j £n) 5 where 0fc G . . . , ^ n ) is some power series depending only on mi, . . . , m s . 
LeU = Ef A 6, and ^ = £f A K] -f a Mj- Denote En^^fc^n, ( £ fc)*((^ A*) ' ^fc(6, • • ■,&»)) € A*^-) 
as ^7 mi > - > ms By above, it can be expressed as the power series in //i, . . . , /U s with coefficients in A, 
which depends only onmi,...,m s (but not on the cartesian square). Let us now denote W as Y. 
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Let Y = Bl WEx { y. Then it follows from Lemma 7.18(i), the fact that the double-proj Proj Proj(© a ©{, 
X a J b ) does not depend on the order, and the fact that the proj does not change when the ideal is 
multiplied by a principal one, that Y — >■ W factors as Y A Y — > W.^ And it follows from the same 
considerations that if M. = 0(1) is the linear bundle of the blow up Y — >■ W, then p*(A4) = ®fc-Mfc 
(notice, that Y is usually non-smooth). 

Consider the diagram with the left squares transversal cartesian: 

D-^xJ—Y 

ioj \ix \iy 

D-^X-^—Y 

l D \ it I f \iR k 

D T R k , 

d } k 

where X = Bl Xx ¥ 1 ,Dx{o}i T = P_d(0(D) ©0) A D be the exceptional divisor with the section Pd(0) A 

T; / be the natural composition Y Af ^ X; D = Bl Dx¥ i Dx{0} = D x P 1 ; and D -4- X, D x {1} H D, 

X x {1} % X, and Y x {1} % Y be the natural embeddings. Let X A X, Y A F and Z> A D be the 
natural projections. Let £ be the line bundle 0(1) of the blow up X — > X x P 1 . 

Since the proper preimage Xq of X x {0} in X does not meet D, and / maps the proper preimage 
y of Y x {0} (in Y) to X , one has 

cf(O(Y ))-f*d*(anything) = 0, and cf /*(c^(0(Y o )) ■ anything) = 0. 

We also have: cf(0(l)) = (0(Y O )) +*u (#), /*(£) = p*(JW) = © fc .M fc , and /*(A) = /i. Combining 
this with the equalities: 

d*(s) = c^(0(L>) ® 0(1)) • e*(x), (f (m) = e,(cf(0(D) © 0(1)) • «), 

the fact that the left squares are transversal cartesian and the projection formula, we get: 

f*d*(x) = ti* x ln* D (x) = i* Y f*d*K*D(x) = MM{0{1)) ■ f*d**Ux)) = ■ f*d*n* D (x)) = 

n n n 

^(vry)*(^fe • k ■ f*d*Tr* D (x)) = ^2{Tr Y )*(iR k )*{iR k )*(0 k ■ f* d*ir* D (x)) = ^2{ej( k ))*{ £ k)*{0k ■ fk d *{ x )) 

k=l k=l k=l 

e^w)*(4)W • • k +^ m))) = x»*(/*o*o • *r i -- m -), 
fe=i j=i 

which settles the first equality. In a similar way, we get: 
d*f*(y) = (Tr D )J*h(i Y )M = (k d )J*U(c?(0(1)) ■ 7r Y (y)) = (tt d )J*U(u ■ 7r Y (y)) = 

n n n 

J2^D)J*fM ■ k ■ n Y (y)) = J2^D)J*f^RMiR k T(0 k ■ n Y (y)) = ^d*(A)*(0 fe ■ e* k (e m T(y)) 

k=l k=l k=l 

it(fmU( e mT(y) ■ i^)M +f a h) ■ o k )) = jZUM^iv) ■ Fp- m % 

k=l j=l 

which settles the second. □ 
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Lemma 7.19 Suppose, D is irreducible of multiplicity 1. Then 
(1) 

e* o / = f*od*. 

(2) Suppose, f is projective. Then 

7, oe* = (fo/„ 

Proo/: Let X = P°°, 1" = (P°°) xs , and / : Y -4 X is the composition of the Segre and Veronese 
embeddings: 

Seg s {Ver( mi ),...,Ver{m s )) : (P°°) xs ^ P°°. 

Let yi be some linear function (coordinate) on (P°°)j, and x = y™ 1 • . . . • y™ a be the respective linear 
function on X. Let D —> X be the divisor defined by the equation x = 0, and Ei be the divisor on Y 
defined by the equation j/j = 0. Clearly, these are smooth irreducible, and f*(D) = J2i=i m i ' &i 1S a 
divisor with strict normal crossing. Thus, by Lemma 7.17, 

Jc{i,...,4 

for some power series p™ 1 '-'™" 1 g . . . , fi s ]]. But the left hand side is /*(A) = J2f A [ m j] 'F A l^j, 

and our variables fii, . . . , fj, s are independent this time: A*(Y) = A[[/j,i, . . . , /j, s ]]. Thus, the power series 
F mi,...,m B satigfy the equa tion defining Fj ll '-' ms , and hence, 

f*d*(x) = Yl (eMfjn x ) ■ F? u -' m '(l*i, ■ ■ ■ = ej*(x); 

JC{l,...,s} 

d*fM = E U.M{ejY{y) ■ ■ ■ ■ , m-)) = 7*e*(y). 

JC{l,...,s} 

□ 

Now we can prove that /* is well-defined. 

Lemma 7.20 The element f (x) does not depend on the presentation 
x = Yli(di)*( x i)> an d 9^ ves a well-defined map: f : A*(D) — > A*(E). 

Proof: Let, {i,k} C {1,... ,r}. We can choose Fj M ""' Pl ' s and F* k - U '"* k '' to be zero, for all #(J) > 1. 
LetyeA*-\D {iM ). 

Let us (temporarily) use the notation ( e {j,j}/j)* '■ A* 1 (Ej) — >■ A*(Ej) for the multiplication by \ij 
map, and f{j,j},{i,k} for the map fj,{i,k}- 

Suppose j is such that pkj = 0. Then the divisor f*(Dk) = J2iPk,i ' El is transversal to Ej. Thus, in 
the cartesian square: 

F >Ej 

\ f 

D {i,k} A, 

the divisor F is J2iPk,lE{jjy- Then, by Lemma 7.19, 

fj,i(d{i,k}/i)*(y) =E( e W}/i)*/{i,/},{i,fe}(y) • if M '"" PM (Mi, • • ■ ,A*»)- 
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Suppose j is such that p k j / 0. Then, either pij = 0, and so jp^ 1 - 1 '---' 1 ' 1 - 3 = q ; or the ma p : Ej — > Di 
factors through fj y {i t k} '■ Ej — > D^ i k y In any case, we get: 

fii(d {i , k }/iUy) ■ i-t '"i/'i. . . . ,n a ) = /*(A fc ) • /; ){i)fc} (y) • 1 " >i- ■ • • = 

Combining both cases, we get: 

J2(ej)*fli(d{i, k }/i)*(y) ■ I'" ' " ■■■,/*«) = 

3 

5Z(ej)*(e{,M}/j)*/o-,i}.{i.*}(f) ' fc ' 1 '"'' Pfc ' s (m, ■■■,/*-)■ ' " >i- ■ ■ ■ >A*«) = 

E^)*( e OM}/i)*/wMi,*}(f) ■^ M '-"* fc, Vi,---^.) - if ■ 1, -" ,Wl '(Mi.---,M.) = 
ij 

£te).//%(<W)*(l/) • F f ,1, "" PM (Mi. • • ■ >M.)- 

This shows that /* is a well-defined map on A*(D) = (®A*(D i ))/image{® i)k A*^ l {Ds ii ^)). □ 

Proposition 7.21 (Multiple points excess intersection formula) 
In the above situation, we have: 

(1) 

e*°f =f*od*. 

(2) Suppose, f is projective. Then 

/*oe* = d*o/ # . 

Proof: (1) Let Dj be an irreducible component of ZA Then in the cartesian square: 

f — y 
J |/ 

di 

we have: -F = Y2jPi,j ' Ej- Then the statement follows from Lemma 7.19. 

(2) We can assume that F l I 1, '"' lr = 0, for #(/) > 1. By Lemma 7.19, we have: 

r 
i=l 

EK)* ( E (7j ! J*e}(y).Ff 1 "-^( m ,..., / x s )] •F/-^(A 1 ,...,A r ) = 
i=i \Jc{i,..., s } / 

7*lE E (ej).ej(v) -P?' 1 '/': /'J-.r/V ' SA ; A r ; J = 

V=i Jc{i,..., s } / 

7.1 E (W(»)-C" ,,fl,, (fi M.) =7.e*(y). 

\JC{1,..., S } / 
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□ 



We will need some results concerning functoriality of u*. Suppose, 

DJ-E^—F 

d\ je j/ 

X ^- Y Z. 

U V 

be the cartesian diagram, where X, Y, Z are smooth, and D, E and F are divisors with strict normal 
crossing. 

Proposition 7.22 In the above situation, 

(u ov)* = V* OU*. 

Proof. Let D = Y7i=i k ' A, E = Ylj=i m j ' E j, and F = J2k=i n k ' F k- Let u*(A) = Ej=iKj ' A, and 
u* (£[,•) = X)l=i Qj,k ■ F k- If M, N, P, Q are the respective matrices, then L ■ P = M and M Q = N. 
The matrix of (uov)* is then given by R = PQ. Let \ = (0(A)), = c£{<D{Ej)), v k = cf{0{F k )). 
Now, we can assume that Fj i,1 '"'' Pi ' s = 0, for #(J) > 1. Then, for x = Y,i(di)*(xi), we have: 

v*u*{x) =«*tD^W - if ■ 1 -- Wl >i,...,M.) = 
i=i j=i 

EE E • ^(^f ■ 1 '- ,p< ' s (mi, • •• /*.)) • /■£•'*•••*>., • • • , = 

i=l j=l Jf C {l,..,t] 
r 

^ ^ (vou)^(xj) •F£ ,1 '"" ,r,, '(i/i,...,i/ t ) = (uov)*(x). 
»=i «-c{i,...,t} 

□ 

Finally, in the case of a free theory in the sense of Levine-Morel - see [8, Remark 2.4.14] (by Proposition 
4.8, these theories are exactly our theories of rational type), e* appears to be the same as a refined pull-back 
morphism. 

Lemma 7.23 Let A* = Q*<g>i,A be a theory obtained from Algebraic Cobordism by change of coefficients. 
Then for any square (7), we have: 

e* = d ! and f = f'. 

Proof. The first identity follows from Lemma 6.6.2, Lemma 6.5.6, Definition 6.5.1, and definitions of 
Subsection 6.2.1 of [8]. The second identity needs to be checked only for the case where D is a smooth 
divisor and / is a regular embedding, where, in the case of codimension 1, it follows from the first identity, 
and the general case follows from the deformation to the normal cone construction. □ 

In this light, our Multiple Points Excess Intersection Formula (Proposition 7.21) and Proposition 7.22 
are just particular cases of [8, Theorem 6. 6. 6(2) (a), (3)]. 
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8 Resolution of singularities 

In this section we list the results related to Resolution of Singularities and the Weak Factorization 
Theorem which are widely used throughout the text. 

Definition 8.1 Let X be a smooth variety and D - a divisor with strict normal crossing on it. By a 
permitted blow-up w.r.to D we will understand such a sequence of blow-ups with smooth centers Ri C Xi: 

x = x n n A x n ^ "V . . . n X l ^ X 

such that, for the exceptional divisor Ei of it 1 = tt\ o . . . o m : X; L — > X, and the total transform (ir' l )*(D), 
the divisor Ei + (7r l )*(D) has strict normal crossing, and Ri has normal crossing with it. 
If D is empty, we will call it just a permitted blow-up. 

Theorem 8^2 (Hironaka, [5]) Let Z be a subvariety of a smooth variety X. Then there exists a permitted 
blow-up it : X — > X such that: 

(1) All the centers Ri are lying over the singular locus of Z. 

(2) The strict transform Z C X of Z is smooth and has normal crossing with E n . 

Theorem 8.3 (Hironaka, [5]) Let f : X — > Y be a rational map of reduced varieties. Then there is a 
permitted blow-up it : X — > X such that: 

(1) All the centers Ri are lying over the locus of X where it is not smooth, or f is not a morphism. 

(2) The rational map f o it : X — > Y is a morphism. 

Theorem 8.4 (Hironaka, [5], see also [1, 1.2.3] and [2]) LetZ be a sheaf of ideals on a smooth variety X, 
and U C X be an open subvariety such that I\u is an ideal sheaf of a divisor with strict normal crossing. 
Then there is a permitted blow-up it : X — > X with centers outside U such that the total transform it* (X) 
is an ideal of a strict normal crossing divisor E. 

There is also a relative to divisor D version (see [1, 1.2.2] and [2]). 

Proposition 8.5 Let X be smooth quasi-projective variety, Z C X - a closed subvariety, and D - a 
divisor with strict normal crossing on X . Then there exists a permitted w.r.to D blow up X — ^ X with 
centers over Z such that 7r _1 (Z) U ^(D) is a divisor with strict normal crossing. 

The following result is the Weak Factorization Theorem - [1, Theorem 0.3.1], see also [25]. 

Theorem 8.6 (Abramovich-Karu-Matsuki-Wlodarczyk) Let 9 : X\ — > X2 be birational map of smooth 
proper varieties over k, which is an isomorphism on the open set U C X± . Then 9 can be factored into 
a sequence of blowings up and blowings down with nonsingular centers disjoint from U. Namely, to any 
such 9 we can associate a diagram: 

ai = Yo - *-Yi- > Yi-i - >~Yi- >■ ... - > - >- Yi = X 2 

where 

(1) 9 = (piO(p l _ 1 o...o(p 2 o(p 1 , 

(2) ipi are isomorphisms on U, and 
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(3) either ipi, or (p i is a blow up morphism with smooth center disjoint from U . 

(4) Functoriality: if g : 9 — > 9' is an absolute isomorphism carrying U to U' , and <*p\ : Y-_± ---> Yi is 
the factorization of ipt ', then the resulting rational maps gi : Y\ --■> Y- is an absolute isomorphism. 

(5) There is an index iq such that, for i ^ i$, the map Yi — * X± is projective map, while for i ^ io, 
Yi — ■> X<i is projective map. 

(6) Let Ei C Yi be the exceptional divisor of Yi — >■ X\ (respectively, of Yi — > X2) in case i ^ io 
(respectively, i ^ io). Then the above centers of blow up have normal crossing with Ei. If, moreover, 
Xi\U (respectively, X2\U ) is a normal crossing divisor, then the centers of blow up have normal 
crossing with the inverse images of this divisor. 
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